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Abstract Zona pellucida, a 3D matrix that surrounds mammalian oocyte, 5

dynamically changes its elasticity during the maturation and fertilization process. 6

We consider fertilization as a biomechanical oscillatory phenomenon and 7

hypothesized that mature oocyte and embryo are in different oscillatory states. 8

Using an oscillatory spherical net model of mouse ZP [4], eigen circular frequencies 9

of mouse oocyte and mouse embryo were calculated. Frequency analysis of circular 10

frequencies of ZP under periodical external excitation force in the form of spermAQ1 11

cell impact was done for both states. To determine the conditions for dynamical 12

absorption under impact of sperm cells on ZP of mouse oocyte and embryo, 13

numerical analyses were done. 14

1 Introduction 15

Zona pellucida (ZP), the outermost surface of the oocyte, dynamically changes its 16

elasticity during the maturation and fertilization process [1,6,7]. The purpose of this 17

structure is to protect the oocyte, to work as high selective structure for high-quality 18

spermatozoa, to select the “right one,” to ensure polyspermy block, and to guide the 19

embryo through the oviduct. The final fertilization process occurs at ZP. Considering 20

fertilization process as a biomechanical phenomenon we hypothesized that mature 21

oocyte [3,5] and embryo are in different oscillatory states. If they are in different 22

oscillatory states, what are oscillatory properties of mouse embryo that do not allow 23

penetration of other sperm cells through ZP in fertilized oocyte? 24

If there is only an initial perturbation by kinetic and potential energy given 25

to oscillatory structures, only free vibrations of ZP appear. In this case material 26

particles at the initial moment obtain the initial displacement measured from their 27

equilibrium positions and initial velocities. In order for free oscillations to appear, 28

it is enough that only one mass particle position is perturbed from its equilibrium 29
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position or that only one mass particle at its equilibrium position obtains initial 30

velocity. If we apply one or multifrequency external excitation forces to a ZP 31

discrete net, it oscillates in multifrequency forced regime oscillations. 32

The aim of our study was to compare eigen circular frequencies of mouse oocyte 33

and mouse embryo ZP as a property of the systems and to determine the conditions 34

for dynamical absorption under impact of sperm cells on ZP of mouse oocyte and 35

embryo through spherical surface net model of mZP [4]. 36

2 Determination of the Eigen Circular Frequencies 37

Using spherical surface net model of mZP [4] and a method of discrete continuum 38

[2] we considered that the system of ZP oscillatory net oscillates in a free regime 39

after ovulation without the presence of spermatozoa. In a spherical surface net model 40

of mZP [4] ZP is modeled as a one-layer network that envelops the oocyte/embryo 41

that we supposed that is solid, elastic, and rigid. The network consists of orthogonal 42

chains of material particles interconnect with elastic massless springs on a specific 43

manner. Material particles represent the ZP glycoproteins. See Fig. 1a. To do a 44

frequency analysis of a part of spherical net model and to determine a particular 45

set of the eigen circular frequencies of mZP, we use the smallest part of the mZP 46

oscillatory spherical surface model (see Fig. 1b) that still preserves the molar ratio 47

of the mZP glycoproteins (ZP1:ZP2–ZP3 is 1:5). 48

We applied one or multifrequency external excitation forces to a one knot 49

molecule ZP discrete net (third in the chain or ninth in this chain using symmetry 50

Fig. 1 (a) Model of ZP spherical surface that shows a radial direction of axis of constructive
elements of the model—ZP proteins. Axis shows directions of movements of ZP proteins. Each ZP
protein is connected to the sphere with elastic springs that can oscillate in radial direction. (b) Part
of the ZP network on a part of the sphere (oocyte). Orange (ZP1), blue (ZP2), and green (ZP3)
represent ZP proteins. The network is identical in both circular and meridian direction
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Fig. 2 Presentation of two characteristic branches of the eleven degree polynomial function graphs
along square of circular frequencies !2: (a) before and (b) after fertilization of ZP for different
material parameters (module of elasticity and masses particles)
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in order of eleven mass particles in chain). Frequency equation that describes the

AQ2

51

oscillations of the mZP glycoproteins is in the form of chain with eleven material 52

particles. The frequency equation is an eleven degree polynomial function along 53

square of possible circular frequencies !2 and is in the form 54

f
�
!2

� D ˇ̌
C � !2A

ˇ̌ D 0: (1)

C is matrix of coefficient of elasticity, and A is matrix of coefficient of mass iner- 55

tia. For obtaining eigen circular frequencies we used graphical method and Mathcad 56

software. See Fig. 2a, b. Relative molecular masses of the three mZP glycoproteins,AQ3 57

MrZP1, 200,000 Da; MrZP2, 120,000 Da; and MrZP3, 83,000 Da transformed in 58

kg, were used. The zeros (roots) in the frequency equations are squares of eigen 59

circular frequencies !2
s . For considered nonhomogenous chains there are 11 squares 60

of eigen circular frequencies: !2
s , s D 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11. 61

For our numerical experiment we approximate that coefficient of elasticity is 62

equal for all material particles and calculated it from the experimental data of 63

Sun et al. [9] according to the formula 64

c D E
�
R2 � r2

�
�

2R
(2)

E is Young module of elasticity, R is half diameter of the mouse oocyte/embryo, 65

and r is internal radius of oocyte or is half diameter of the oocyte/embryo minus 66

approximate thickness of mZP. 67

For an oocyte: Eo D 17.5kPa; 2Ro D 56.2 �m, average diameter of an oocyteAQ4 68

from [9]; and •o D 4.8 �m, approximate ZP thickness of the oocyte. co D 0.253 N/m. 69

For mouse embryo: Ee D 42.2kPa; 2Re D 61 �m, average diameter of anAQ5 70

embryo from [9]; and •e D 5.34 �m, approximate ZP thickness of the embryo 71

ce D 0.646 N/m. 72
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For obtaining eigen circular frequencies we used graphical method and Mathcad 73

software tool and correction factor 106. 74

The obtained eigen circular frequencies for mouse oocyte, by use MathcadAQ6 75

software tool and in Fig 2. a presentation of characteristic branch of the eleven 76

degree polynomial function graphs along square of circular frequencies !2
s , 77

s D 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11 before fertilization for corresponding material 78

parameters (module of elasticity and masses particles) are: ¨o1 D_9.318 � 109rad, 79

¨o2 D_1.72 � 1010
_rad/s, _¨o3 D_2.707 � 1010

_rad/s, ¨o4 D_3.856 � 1010
_rad/s, 80

¨o5 D_4.379 � 1010rad/s, ¨o6 D_5.011 � 1010rad/s, ¨o7 D_5.522 � 1010rad/s, 81

¨o8 D_6.887 � 1010
_rad/s, ¨o9 D_6.952 � 1010 rad/s,_¨o10 D_7.024 � 1010 rad/s, 82

and ¨o11 D_7.645 � 1010 rad/s. 83

The obtained eigen circular frequencies of mouse embryo, by use MathcadAQ7 84

software tool and in Figure 2.b presentation of characteristic branch of 85

the eleven degree polynomial function graphs along square of circular 86

frequencies !2
s , s D 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11 for corresponding material 87

parameters (module of elasticity and masses particles) are: ¨e1 D_1.484 � 1010rad, 88

¨e2 D_2.725 � 1010
_rad/s,_¨e3 D_4.324 � 1010

_rad/s, ¨e4 D_6.205 � 1010
_rad/s, 89

¨e5 D _6.977 � 1010rad/s, ¨e6 D_8.005 � 1010rad/s, ¨e7 D_8.806 � 1010rad/s, 90

¨e8 D_1.096 � 1011
_rad/s, ¨e9 D_1.193 � 1011 rad/s,_¨e10 D_1.127 � 1011 rad/s, 91

and ¨e11 D_1.221x 1011 rad/s. 92

These two obtained sets of square of eigen circular frequencies of mZP !2
s , 93

s D 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11 before and after fertilization for corresponding mate- 94

rial parameters (module of elasticity and masses particles) are also sets of resonant 95

frequency squares of corresponding one frequency external excitation square of 96

frequencies ˝2
rez,s D !2

s , s D 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11. 97

3 Forced Oscillations 98

The system of ordinary differential equations of mass particles forced dynamics is 99

in the following matrix form: 100

A f Rxg C C fxg D fQg D fF0g cos ˝t (3)

Particular solution for kth mass particle in the chains, when one frequency 101

external excitation is applied to the third mass particle in chain, is in the form 102

xk

�
t; ˝2

3

� D C.3/k

�
˝2

3

�
cos ˝3t (4)

Amplitude C(3)k(�2
3) of particular solution for kth mass particle in chain forced 103

vibration displacement under the one frequency external excitation applied to the 104

third mass particle in chain is in the form 105

C.3/k

�
˝2

3

� D �.3/k

�
˝2

3

�

�
�
˝2

3

� (5)
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for �2
3 ¤ !2

s , s D 1, 2, 3„ 4, 5, 6, 7, 8, 9, 10, 11, and where determinant of the previous 106

system is in the form 107

�
�
˝2

3

� D ˇ
ˇC � ˝2

3A
ˇ
ˇ ¤ 0 (6)

and must be different from zero. Then �2
3 ¤ !2

s , s D 1, 2, 3„ 4, 5, 6, 7, 8, 9, 10, 11AQ8 108

condition have to be fulfilled. 109

For obtaining amplitudes C(3)k(�2
3) of particular solutions, it is necessary to find 110

sub-determinant �(3)(�2
3). Corresponding sub-determinant �(3)(�2

3) is possible toAQ9 111

obtain by substitution corresponding 3th column by column containing nonzero 112

element F03 and third element concerning that external excitation force is applied to 113

the third mass particle of the chain system. 114

4 Conditions for Dynamical Absorption 115

Dynamical absorption is present in the systems with multiple degrees of freedom (in 116

our case chain is system with 11 degrees of freedom) when external periodical force 117

is applied to the system. Depending on the material properties and parameters of 118

the oscillatory system structure (coefficient of elasticity, mass of material particles, 119

external excitation frequencies, amplitudes) it is possible that under the influence 120

of periodical external force one or more material particles don’t oscillate in forced 121

mode with external excitation frequency and that other mass particles are in this 122

forced oscillatory mode. In the theory of oscillation [8] this phenomenon is known 123

as dynamical absorption. 124

External excitation frequencies at which dynamical absorption occurs of mass 125

particles on certain positions were read out from amplitude-frequency graphs for 126

each mass particle in chain. For determine the amplitude of forced vibrationsAQ10 127

Ck(�2
3), k D 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11 for each mass particle, when third mass 128

particles are loaded by external one frequency excitation through the impact of one 129

sperm cell with frequency �3, of each material particle in the chain when external 130

periodical force is F3 D F03 cos ˝3t. The required condition is 131

Ck

�
˝2

3

� D 0; for some of k D 1; 2; 3; 4; 5; 6; 7; 8; 9; 10; 11 when �
�
˝2

3

� ¤ 0

(7)

Graphs of amplitude-frequency stationary forced regimes for forced vibration 132

of C3(�2
3) third, C6(�2

6) sixth, and C9(�2
3) ninth material particle in chain excited 133

by external excitation F3 D F03 cos �3t force with amplitude F03 and frequency ˝3 134

applied to third mass particle in chain in mZP net model of oocyte and embryo are 135

given in Figs. 3, 4, and 5, respectively. When external excitation F3 D F03 cos ˝3t 136

force with amplitude F03 and frequency �3 is applied to third mass particle in chain, 137

frequencies under which dynamical absorption occurs in forced oscillatory regimes 138

in the third material particle oscillatory displacement in the chain are: 139
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Fig. 3 Amplitude-frequency stationary forced regimes for forced oscillations of C3(�2
3) third

material particle in chain excited by external excitation F3 D F03 cos �3t force with amplitude
F03 and frequency �3 applied to third mass particle in chain; x D �2. for (a) oocyte, (b) embryo
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Fig. 4 Amplitude-frequency stationary forced regimes for forced oscillations of C3(�2
3) sixth

material particle in chain excited by external excitation F3 D F03 cos �3t force with amplitude
F03 and frequency �3 applied to third mass particle in chain; x D �2.for (a) oocyte, (b) embryo
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Fig. 5 Amplitude-frequency stationary forced regimes for forced oscillations of C3(�2
3) ninth

material particle in chain excited by external excitation F3 D F03 cos �3t force with amplitude
F03 and frequency �3 applied to third mass particle in chain; x D �2. for (a) oocyte, (b) embryo.
It is visible that there is no dynamical absorption
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For mouse oocyte: 1.233 � 1010rad/s, 2.49 � 1010rad/s, 4.605 � 1010rad/s, and 140

5.38 � 1010rad/s. 141

And for the embryo: 2.145 � 1010rad/s, 3.95 � 1010rad/s, 7.335 � 1010rad/s, 142

8.602 � 1010 rad/s, 1.22 � 1011rad/s, and 1.118 � 1011rad/s. 143

We can see that in the forced regime one mode of forced oscillatory displacement 144

of this third mass particle does not exist at a number of external excitation 145

frequencies—frequencies of dynamical absorptions upon that mass particle are 146

loaded. Other mass particles are not directly loaded and are in forced oscillatory 147

regimes at these frequencies of dynamical absorption of third loaded mass particle. 148

This is a dynamical paradox that this mass particle is loaded by external single 149

frequency force and that loaded mass particle is not in the forced oscillatory 150

regime and that other mass particles in chain oscillate in forced regimes at these 151

frequencies. Amplitude of external excitation has no influence on the appearance 152

of dynamical absorption. Only external excitation frequency in relation with chain 153

material properties (system structure properties like eigen circular frequencies, 154

coefficients of elasticity/rigidity, and masses of material particles) influenced the 155

appearance of dynamical absorption. 156

When external excitation F3 D F03 cos �3t force with amplitude F03 and fre- 157

quency �3 is applied to third mass particle in chain, frequencies under which 158

dynamical absorption occurs for the sixth material particle in the chain are: 159

For mouse oocyte: 1.672 � 1010 rad/s and 1.596 � 1010 rad/s 160

For the embryo: 2.683 � 1010 rad/s and 8.655 � 1010 rad/s 161

Under these conditions there is no dynamical absorption on the ninth material 162

particle in the chain either in oocyte or in embryo. 163

5 Conclusions 164

Due to limited length of the paper we did not analyze the forced oscillations of knot 165

molecules in ZP net; we analyzed only the phenomenon of dynamical absorption for 166

certain molecules in the model. We did the analysis on a part of spherical surface net 167

of mZP in the system with finite number of degree of freedom. In the real system of 168

ZP there are a lot of molecules and almost indefinite eigen circular frequencies. 169

Young module of elasticity of mouse ZP in mature oocyte (before fertilization) 170

has 2.5 times higher value compared to ZP of mouse embryo (after fertilization) [9]. 171

Sperm cells could not penetrate the ZP of embryo. From a biological point ofAQ11 172

view after fertilization occurs polyspermy block-new sperm cells could not attach 173

to the ZP and the already attached have been rejected. This process is receptor 174

and enzymatic mediated and includes repulsive electric charge between ZP and 175

sperm cells. 176
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We tried to perceive these events from the aspect of theory of oscillations. 177

Sperm cells have impact on a ZP in the form of multifrequency external excitation 178

forces. We applied external excitation to the one knot molecule ZP discrete net 179

(third in the chain). According to the spherical surface net model of mouse ZP, our 180

numerical analysis shows that eigen circular frequencies of mouse embryo ZP have 181

higher values compared to eigen circular frequencies of mouse oocyte ZP. This 182

indicates that for potential penetration through mouse embryo, sperm cells will 183

require more energy. In the living system this is not possible owing to sperm energy 184

loss with time. After fertilization there are no sperm cells capable to respond to these 185

increased demands. 186

On amplitude-frequency graphs zeros correspond to dynamical absorptions 187

in forced oscillatory regime. On these frequencies certain material particle isAQ12 188

not oscillating and external force has no effect on it. For the same molecules, 189

frequencies when dynamical absorption occurs are higher for ZP of mouse embryo
AQ13

190

then for ZP of mouse oocyte. For sixth molecule in the chain in case of embryo 191

there are six frequencies where dynamical absorption is possible, and for the case 192

of oocyte, for the same molecule in the case of the oocyte there are four. All 193

these results confirm that oocyte and embryo are in different oscillatory states 194

and that these oscillatory states have biological purpose. As in biological systems 195

this transition is an irreversible process; further investigations of conditions under 196

which this irreversible process is possible should be done. If small nonlinearities are 197

included in the system it is possible to determine the dependence of frequencies on 198

initial conditions as well as resonant jumps in the system. 199
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8. Rašković, P.D.: Teorija oscilacija (Theory of Oscillations). Beograd, Naučna knjiga (1965) 228
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