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The initial values chosen for the second moments (on pages
4 and 7), 6,(0) = 0.1,0.(0) = o(0) = 1 are not correct due
to the Cauchy—Schwarz inequality formulated for quantum
covariance: ¢ = (@L + L) — 2(¢)(L) < 20,01. A proper
choice would be ¢.(0) =1,0,(0) = 0(0) = 0.1. This cor-
rection slightly alters the figures 2—6 of the paper. Below we
give the figures that follow the correct choice of the initial
momenta while attaining the figure captions as well as the
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parameters’ values everywhere, except for figures 4(b) and
5(b), where (for better visibility) the time instant is chosen
t=0.001.

It is essential to note that the corrections do not alter
the findings and conclusions of the paper, in any possible
respect—the results are qualitatively robust to the (proper)
choice of the initial state of the rotator, although the quantita-
tive differences are obvious.

Figure 1. This figure exchanges figure 2 of the original paper.

1361-648X/18/279502+3$33.00

© 2018 IOP Publishing Ltd  Printed in the UK



Corrigendum

J. Phys.: Condens. Matter 30 (2018) 279502

(@)
Figure 2. This figure exchanges figure 3 of the original paper.
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Figure 3. This figure exchanges figure 4 of the original paper.
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Figure 4. This figure exchanges figure 5 of the original paper.
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Figure 5. This figure exchanges figure 6 of the original paper.
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Abstract

CrossMark

We investigate dynamical stability of a single propeller-like shaped molecular cogwheel
modelled as the fixed-axis rigid rotator. In the realistic situations, rotation of the finite-size
cogwheel is subject to the environmentally-induced Brownian-motion effect that we describe
by utilizing the quantum Caldeira-Leggett master equation. Assuming the initially narrow
(classical-like) standard deviations for the angle and the angular momentum of the rotator,

we investigate the dynamics of the first and second moments depending on the size, i.e. on

the number of blades of both the free rotator as well as of the rotator in the external harmonic
field. The larger the standard deviations, the less stable (i.e. less predictable) rotation. We
detect the absence of the simple and straightforward rules for utilizing the rotator’s stability.
Instead, a number of the size-related criteria appear whose combinations may provide the
optimal rules for the rotator dynamical stability and possibly control. In the realistic situations,
the quantum-mechanical corrections, albeit individually small, may effectively prove non-
negligible, and also revealing subtlety of the transition from the quantum to the classical
dynamics of the rotator. As to the latter, we detect a strong size-dependence of the transition to
the classical dynamics beyond the quantum decoherence process.

Keywords: molecular cogwheels, Brownian rotation, Caldeira-Leggett equation,

open quantum systems

(Some figures may appear in colour only in the online journal)

1. Introduction

The standard theory of the translational Brownian motion can
be formulated without making any reference to the Brownian
particle’s spatial shape and size. Often, the Brownian par-
ticle is imagined as a material point with the phenomenologi-
cally modeled external noise and friction [1-3]. Interestingly
enough, this extremely idealized model has a remarkable his-
tory of success regarding various tasks in physics, chemistry
and applications.

Introducing the Brownian-particle’s size typically leads to
considerations of spherical/ellipsoid objects, in which case the

1361-648X/18/195304+11$33.00

rotational motion also must be accounted for, see e.g. [4, 5].
As a geometrical limit of the ellipsoid-like Brownian particle,
it most often is regarded as a rod-like rotator [5] (and refer-
ences therein). Those idealized geometrical models may be
useful for the sufficiently large particles—of the diameter of
the order of 100 nm. However, for the smaller particles, these
models may not be reliable anymore.

The functional parts of the desired nano-machines, such as
the molecular nano-rotators (molecular cogwheels) [6-9], are
purposefully designed-their function strongly depends on their
geometrical shape and size, which is typically of the order of
1-10nm. These spatial dimensions are such that the molecule

© 2018 IOP Publishing Ltd  Printed in the UK
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geometrical shapes can be seen by the environmental particles
so much that the standard approximations of the Brownian
particle, e.g. by the spherical-like models, may not in gen-
eral be viable. Furthermore, when immersed in a solution or
even resting on surfaces (as it might be in practice), signifi-
cant thermally driven, i.e. random, molecular rotations may be
expected. Interestingly enough, in some cases, thermal noise
can assist directed rotation [10], thus revealing subtleties, and
possibly unexpected falls of our classical intuition regarding
the spatially structured microscopic systems. That is, macro-
scopic analogies do not necessarily go far in predicting func-
tion in nanoscale environments. The analogies may break due
to the environmental influence (such as Brownian motion) or
various kinds of quantum effects or both [5, 11].

Following the existing candidates for the really geared and
possibly controllable molecular nano-rotators, in this paper,
we consider the propeller-like shaped molecular species [6-9]
that we model as Brownian rotators. For simplicity, we assume
one-dimensional (fixed axis) rigid rotator. Spatial size of the
rotator is introduced by the number N of the blades, where
the average moment of inertia, denoted I, and the average
damping rate, denoted 7., serve as the physical units for the
model. In order to tackle the possibly realistic situations
[6-9], we consider the number of blades 1 < N < 10.

Our objective is to investigate the rotational stability, i.e. pre-
dictability of rotation (and therefore rotation controllability),
depending on the rotator’s size and shape. Quantitatively, we
investigate the dynamics of the first and second moments for a
free and harmonic rotator modeled by the standard Caldeira—
Leggett (CL) master equation [12, 13] and follow the standard
rule [14]: the smaller the standard deviations, the more stable
(i.e. more predictable) dynamics.

The use of the CL master equation is motivated by both, the
well-defined classical limit as well as by the explicit quantum-
mechanical corrections in the weak-coupling limit. Therefore
our main focus is placed on both the underdamped and non-
underdamped regimes [below precisely to be defined]; exten-
sions of these considerations are discussed in section 4.

We find the absence of the straightforward recipes for
utilizing the relative stability of the rotation. The choice of
the optimal conditions for the desired control of the rotation
depends on a number of criteria, notably of: (i) the standard
deviations of the angle and the angular momentum exhibit the
opposite dependencies on the size (the number of blades) of
the rotator; (ii) the significantly different magnitudes of the
change for the angle- and the angular-momentum standard
deviations; (iii) the shorter relaxation times for larger pro-
pellers; (iv) the value of the tunable damping rate 7.; (v) (in
conjunction with the point (iv)) the time scale of the allowed/
desired external actions on the rotator. Expectably, quantita-
tively, those criteria depend on (a) the presence/absence of
the external harmonic field for the rotator as well as on (b)
the underdamped/non-underdamped regime. Intuitively, the
optimal choice of the conditions for appropriate function of
the molecular cogwheels is a reminiscence of the standard
engineering optimization [15] already at the microscopic
scale. However, here disappears analogy with the classical
counterparts [16].

Figure 1. A pair of blades illustrating the average effective size
of a set of blades; the shaded areas depict the surfaces that may be
exposed to the environmental influence.

Our results reveal the possible accumulation and therefore
increase of the quantum-mechanical, individually negligible,
effects. The absence of those effects in the classical domain
emphasizes a limited use of the classical (or semi-classical)
theory of the Brownian rotation [6-9]. Going beyond such
treatment is provided in this paper by utilizing the full CL
master equation [12, 13]. Hence also the size-dependent trans-
ition to the classical dynamics that goes beyond the decoher-
ence process.

In section 2, we introduce the model of interest, with an
emphasis on the subtleties of the transition from the trans-
lational to the rotational model. In section 3 we provide the
quantitative results, which are discussed in section 4 with an
emphasis on relaxing the assumptions of the weak coupling
and high temperature of the bath. Section 5 is conclusion.

2. Quantum Brownian rotator

The shaded areas in figure 1 depict the average effective sur-
face for a set of blades exposed to the environmental influ-
ence; depending on the blades geometry, the surfaces may
be only partly exposed to the environmental influence. The
length L and the height d uniquely determine the moment of
inertia, denoted I, and the strength of interaction, denoted «,
of the typical blade of a propeller rotating around the fixed
axis z—in analogy with the, often addressed [16], macroscopic
models [17].

Both I, and a, are subjects of free choice in our considera-
tions. On the one hand, the average moment of inertia, I,, of
the typical (‘averaged’) blade regards the different chemical
species and local geometric deformations (e.g. twisted blades)
that define the molecules of different (local) configurations,
which include the molecules conformations [6]. On the other
hand, the strength of interaction can be externally tuned (even
by several orders of magnitude) by appropriate choice of the
rotator’s environment [18] and the only assumption is that the
strength of the interaction with the environment allows for the
use of the weak-coupling limit [13, 19].

From figure 1 it is obvious that for a propeller with N
blades, the total moment of inertia I = NI,. Now assuming
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that the strength of the interaction with the environment is
proportional to the average effective surface of one blade [13],
the strength of interaction for N blades o« = Na,, where a,
is the average strength of interaction for a set of N blades.
Therefore the assumption of the weak coupling limit requires
Nmax0o = 100, < 1.

Transition from the translational to the rotational Brownian
model is formally straightforward [20]: the position operator
x is exchanged by the angle of rotation (¢, momentum p by
the angular momentum L., and the mass m by the rotator’s
moment of inertia /. Adopting the basic assumptions of the
weak interaction and high temperature in the microscopic
derivation of the translational model [12, 13] directly gives
rise to the CL master equation for the Brownian rotator (in the
Schrodinger picture) [20]:

dpR([) _ 21'kaT

o = g pr(0)] = Tl L pr(0)) ~ T

[, [0, pr(D)]];
ey

where v is the damping rate for the rotator and the rotator’s
self Hamiltonian Hg = L?/2I + V(y). Equation (1) has a
well-defined classical counterpart in the form of the Langevin
equation for the angle variable ¢ [6, 9], in the full formal
analogy with the Langevin equation for the Descartes position
variable x.

The spectral density, denoted J, for the Brownian motion
model is proportional to a? [13] while, on the other hand,
J o< Iy (see equation (3.392) in [13]). Then for one blade
a? o« I,7, while for N blades, from (Nao)? o< NIy, we
obtain e.g. v = N~y.. Therefore the linear proportionality of
both I and v with the size (with the number N of blades) of
the rotator.

We adopt equation (1) without modifications with an
emphasis on the well-defined classical counterpart. However,
analogy between the translation and rotation breaks in the
quantum-mechanical context when it comes to the meaning
of the standard deviations and the validity of the uncertainty
relation for the angle and the angular-momentum observa-
bles [21-23]. On the one hand, the standard deviation
Ap = \/{p?) — (p)? can be used as a measure of uncertainty
of the angle ¢ only for sufficiently small values [21]. On the
other hand, for very small values of Ay, even for the finite
interval ¢ € [0, 27], the rotational model becomes formally
analogous to the translational model. Bearing in mind that
the uncertainty relation for ¢ and L, is not well defined, the
analogy with the translational motion is lost as we do not use
the uncertainty relation as a constraint of our considerations.
On the other hand, the use of the standard deviation A as
a measure of uncertainty is provided by assuming the small
initial value Ap(0).

Now, taking the small initial Ap(0) and AL,(0) makes
the whole picture very close to the classical counterpart; in
this regard, the details are given below. Here we just want to
emphasize that the classical-like rotational dynamics is fully
in the spirit of the original CL-dynamics, which assumes the

extremely high temperature 7 of the thermal bath (reservoir)—
the underdamped regime. Nevertheless, wide applicability of
the CL master equation [13, 14], i.e. of equation (1), allows
for the considerations in the non-underdamped regime—toward
the more general scenarios discussed in section 4.

Denoting by E the rotator’s self-energy and by 7T the
bath’s temperature, the underdamped and the non-under-
damped regimes of interest [13, 19] are here defined by
the following non-equalities: Npaxhyo < E < kgT and
Nmaxhvo < kgT < E, respectively. For the free rotator,
E = h?/2Npaxlo, and for the harmonic rotator, E = hw; w
is the frequency of the external harmonic field and kg is the
Boltzmann constant.

In analogy with the standard procedure for the transla-
tional Brownian motion (see equations (3.426)—(3.430) in
[13]), from equation (1) easily, and unconditionally, follow
the equations for the first and second moments for the (fixed-
axis) rotational Brownian motion:

) _ 2o,

dr
WD) — (v (ot — 20,
2
WO L0 + o0,
2
SED) (1 0V (pl0) + V(0 Ll0) — 49{L20)) + 417k
oLt L) = A2 ~ 2V (@)~ 2lplet L) (2)

In equation (2), V'(p(r)) = dV((r))/de(r), while the mean
values (x) = tr(xpg(f)). Equation (2) is general—it applies
for every kind of the external field V(¢). In this paper we will
consider only the free rotator (V = 0) and the rotator in the
external harmonic field (V(¢) = Iw??/2) for small values
of the angle of rotation. A proper series of small rotations can
effect in the finite rotation of the molecule [6-8].

Our task in this and the next section is to investigate
dependence on the number N of blades of the moments in
equation (2) for both, the free and harmonic rotator, in the
underdamped and non-underdamped regimes. The only con-
straints come from the assumptions of the very small initial
A and small angle of rotation as well as from the require-
ment of the weak-coupling and high temperature limit
[13, 19].

2.1. Free rotator

For the free rotator, V = 0, the solutions of equation (2) can
be directly taken over from the solutions for the free trans-
lational motion, equations (3.438)—(3.440) in [13], from
which easily follows also the solution for the variance func-
tion, o, = (L, + L.¢) — 2(p)(L;), which in the classical
limit takes the form o, = (¢L;) — (¢)(L;). Dividing by
I, we obtain the dimensionless quantities o, = AL, /I7o,
0 =041/l and T = Yot
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) 5 1 — e—2NT 2 R 1 — e—2NT
72(1) = a0) + (L ) 920+ a0
kBT _ _ a—2NT 1 _ a—4NT
+ NL2 |:NT (1—e )+ 4(l e )} ,
kgT
oR(r) = e Mo} (0) + N5 (1 - e,
— o(0)e—2NT e VT 1 — o= 2V7) 52 kgT 1 — e 2N7Y2
o(r) = (0 4 S (1= e ) (0) + s (1 - e
(3)
In the asymptotic limit (7 — 00), from equation (3):
. kBT T . NkBT
lim o, = , lim oy = 4/ ——,
T—00 Io’Yo N2 1500 Y FSas
kgT
lim o = . 4
'rl%ooa- NIo’YCZ) ( )

The classical counterparts of equation (3) are given in
appendix A. Theclassical varianceisidentical withthe quantum-
mechanical expression, while the classical expressions for o,
and o, follow from placing 07(0) = 0,(0) = c(0) =0 in
equation (3). Therefore the clear distinction between the clas-
sical and quantum-mechanical contributions in equation (3).

2.2. Harmonic rotator

Solutions to equation (2) for the harmonic rotator are
obtained in the full analogy with section 2.1, for the case

the clear distinction between the classical and quantum-
mechanical contributions in equation (5).

3. Results

In this section, we utilize equations (3) and (5) to investi-
gate the rotator’s stability as a function of the rotator’s size
(i.e. of the number N of the blades), and also directly com-
pare the exact quantum-mechanical expressions with their
classical counterparts. Of course, the larger the standard
deviations the less stability (and hence the less control) of
the system.

The results presented below are given for the initial
standard deviations 0, = 0.1 < 27 and o = 1 = ¢. Bearing
in mind that the typical values of the moment of inertia
Io ~ 10746 — 104, for the choice Yo < 108 [in the SI units],
AL, < 1072k, Hence Ap - AL, < 1073h, which is the very
classical initial condition, in accordance with ignoring the
uncertainty relations for the angle and the angular momentum
observables (see section 2).

In equation (3) appears the constant A = kgT' /1,2, while
in equation (5) appear the constants B = kgT/l,w® and
C = v,B/w. The weak-coupling limit allows for the choice
Yo/w ~ 1073, For the free rotator, whose self-energy
H =12/2I, we obtain the same value of the A for both
regimes:

V(p) = Iw*p? /2. To this end, we borrow the solutions from _keT _h -
[24], again presented via the dimensionless quantities: Bvo  Io7o
0 200
op(r) =" (afp(O) cos® %T + %N) sin 2% + L(2 ) sin’ ;f)r)
kgT 2N Y
1= +0(3).
LT o
2 —2NT 2 2 W ) LW N ) w
- 0) cos® =7 + N?07,(0) sin* —7 — —-0(0) sin2—
UL(T) € <UL( )COS ’YoT+ Uap( )Sln ’)/OT 20’( )51n ,YOT)
NkgT N v
Tow? (1 e )+0(5>
ok T 2 2 2 0 2
U(T) = _ZNT (4]\7’y B3 11’12 ﬂ — NO’;(O) sin wr —+ 0'(0) CcoS ﬂ + L() sin OJT)
I.w Yo Yo Yo N Yo
+0 (1) . s
w

In the asymptotic limit (7 — 00), from equation (5) with
neglecting the terms proportional to 7 /w:
lim o = 0.

'rhan;o To = \/ NI wz’ T—00
(6)

Equation (6) reduces to equation (3.424) in [13] that fol-
lows from an approximate treatment of the one-dimensional
translational Brownian particle in the external harmonic field.

The classical expressions are shown in appendix A to follow
from equation (5) for ¢.(0) = 0,(0) = ¢(0) = 0. Therefore

while kgT/hy, > 1 and h/I57y, > 200. Without loss of
generality, we choose the value A = 2 - 10,

The values of B and C depend on the regime—under-
damped or non-underdamped regime for the rotator. Similar
to the free rotator, we use:

®)

The constant kg7 /hw > 1 for the underdamped, and
kgT/hw < 1 for the non-underdamped regime. Now,
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0.010

Figure 2. Free rotator, underdamped regime: (a) angle, (b) angular momentum, where for the chosen time scale, the quantum and classical

plots are very close to each other. 7 € [0,0.01], N € [1, 10].

0.010

(b)

Figure 3. Harmonic rotator, underdamped regime: (a) angle, (b) angular momentum. 7 € [0,0.01], N € [, 10).

assuming that hw ~ (H) = (L?) /21, 4 Iow*(¢?) /2 ~ I,w?,
i.e. that i/l,w ~ 1, we take for the underdamped regime,
B~ 10,C ~ 1072, and for the non-underdamped regime,
B~0.1,C~ 107"

The characteristic time scale of (N-y,) ! is the ‘relaxation
time’, for which the rotator’s dynamics becomes essentially
classical, i.e. properly described by the classical Langevin
equation for the angle of rotation ¢ [6] that is presented in
appendix A. Nevertheless, in this section we utilize the advan-
tage of the full CL model in that we can describe dynamics
also for shorter time intervals. Physically, ‘shorter’/‘longer’
time intervals in the units of (N-,)~!is a relative concept—
as we emphasize in section 4, it depends on the desired and
available operations on the rotator system so much that even
e.g. t ~ (Nv,)~* may not describe the physically noninter-
esting ‘transient’ processes. For this reason, below, we pre-
sent the results for the time scale 7 = ¢ = 0.01.

With the use of those values for the parameters, we inves-
tigate the equations (3) and (5) and obtain the results as pre-
sented in the rest of this section. Qualitatively, the choice of
the initial values as well as the values of the parameters do not
change the results to be presented below. The general findings
are as follows. For every size of the rotator (the number of
blades N), we observe relatively fast transition to the classical
dynamics. For certain shorter time intervals, quantum correc-
tions to the purely classical dynamics are easily detectable—the
‘quantum domain’ of the rotators behavior that is discussed in

section 4—and relatively quickly decrease to reach the classi-
cally predicted values with the common asymptotic values for
the moments.

In all figures, the surfaces presenting the classical cases are
below the quantum-mechanical counterparts—the quantum
corrections make the dynamics less stable.

3.1 Underdamped regime

From figure 2 we can learn about fast transition to the clas-
sical dynamics for both ¢ and L.. Regarding the angle, we
find the larger propellers more stable than the smaller ones—in
contrast to the angular momentum. The magnitudes of change
of the initial values are remarkably larger for the angular
momentum, for which also a significantly faster increase of
the standard deviation appears for larger propellers.

From figure 3 we can learn that, for the chosen time scale
the transition to the classical dynamics is not as fast as for the
case of the free rotator, especially for the less-stable propellers,
such as the smaller propellers for ¢ and the larger propellers
for L,. Hence the role of the external field that, in principle,
may be a control-field for the rotator system. Regarding ¢,
the oscillations due to the harmonic potential are larger both
in magnitude and the duration for smaller than for the larger
propellers. Regarding the angular momentum, initially, the
oscillations are larger for larger propellers. The magnitude of
change for the angular momentum is smaller than for the case
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0.010

0.010

Figure 4. Harmonic rotator, non-underdamped: (a) angle, (b) angular momentum. 7 € [0,0.01], N € [1, 10].

of the free rotator. On average, it’s larger than the magnitude
of change for the angle observable.

The results regarding the covariance function are qualita-
tively similar with the results for the angle-observable.

3.2. Non-underdamped regime

Regarding the free rotator, the underdamped and non-under-
damped regimes are practically indistinguishable.

From figure 4 we can learn that, as distinct from the under-
damped regime, the classical values exhibit the constant
increase, while the quantum corrections exhibit the constant
decrease with the oscillations; this is obvious for the larger
values of 7 that is not presented here. The less stable dynamics
is found for the angle-observable for smaller rotators—in con-
trast with the angular momentum. Quantum corrections are
more pronounced and last longer than for the underdamped
regime. The magnitudes of change for the angular momentum
are larger than for the angle-observable, but with the lower
values than for the underdamped regime.

The results regarding the covariance function are qualita-
tively similar with the results for the angle-observable.

4. Discussion

The Langevin equation for the rotation angle ¢, see e.g. equa-
tion (1) in [6], is a classical-theoretical model and a precursor
for aiming at the desired molecular rotators (e.g. cogwheels).
To this end, our starting point, equation (1), can be regarded
as a proper quantum mechanical counterpart that assumes the
weak-coupling limit and high temperature of the thermal bath
as well as the constraint 1 < N < 10 for the number N of the
blades. Weak interaction (small damping factor «) and high
temperature are the basic assumptions of the microscopic deri-
vation of the equation (1) that are adopted in sections 2 and
3. Relaxing some of those assumptions may be justified for
certain situations and also to lead to extensions of our consid-
erations. Nevertheless, this should be performed with caution.
Let us briefly emphasize some directions and the possible
pitfalls.

A more general model going beyond the model equa-
tion (1) accounts for both reorientation of the rotation axis

as well as arbitrary angle of rotation [25]. Adding the ‘mini-
mally invasive’ term to the CL equation leads to a Markovian
(Lindblad-form) dynamics of the rotator [26]. Nevertheless,
this way the microscopic basis for the equation is abandoned
as well as questioned appearance and the microscopic origin
of the quantum dissipation term for the thermal bath con-
sisting of the set of mutually independent modes (harmonic
oscillators) [27]. The CL equation (1) may also be regarded
as a phenomenological equation, in which case the values
of both the damping constant y and the bath’s temperature
T may be considered unrestricted [27]. On the other hand,
respecting the microscopic context for arbitrary strength of
interaction and temperature is known to be allowed for the
restricted set of states—the Gaussian states (see section 4.6
in [13]). Therefore, going beyond the small v and/or large
T comes at the price of the questionable microscopic origin
or of a restriction to a special set of states of the Brownian
particle.

In figure 1 we assume the blades are connected via the
central atom. For the case of the central disc or a ring [6],
the total moment of inertia I = Igisc + NI, = (k + N)I,, and
analogously for the strength of interaction «, thus numer-
ically reducing this situation to the situations considered in
section 3 while assuming K < Npax. It is worth emphasizing
that the choice of Npyax > 10 does not qualitatively change
our conclusions. Nevertheless, our restriction to the number of
blades satisfying 1 < N < 10 is two-fold. First, it aims at the
expected realistic chemical molecular species (including the
artificially produced ones) [6]. Second, large values of N drive
the considerations out of the basic assumptions of our consid-
erations. On the one hand, for some large N > 10, according
to figure 1, the blades become close to each other and thus
their environments become rather small, in contrast to the
basic assumption of the CL model [12, 13]. On the other hand,
in the limit N — oo, a propeller takes the form of a homo-
geneous disc—which is a new kind of the rotator’s geometry
(shape) that requires an independent analysis to be presented
elsewhere.

Certain directions of generalization of our starting point
equation (1) exhibit [limitations of our considerations.
Assuming non-Markovian environment in the microscopic
derivation leads to a generalization of equation (1) that is
the exact (and completely positive) master equation for the
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Figure 5. Dependence of the angle-standard-deviation on the damping factor, v € [1,200] and temperature, kg7 € [0.013 00]. (a) Free

rotator, and (b) rotator in the external harmonic field.
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Figure 6. Dependence of the angular-momentum standard deviation on the damping factor, v € [1,200] and temperature, kg7 € [0.013 00].

(a) Free rotator, and (b) rotator in the external harmonic field.

microscopic model of the quantum Brownian motion [28].
The possibility of the free choice of the strength of interac-
tion and the temperature of the harmonic bath as well as a
freedom in the choice of the spectral density go beyond the
limitations imposed by the original equation (1) adopted in
section 3 of this paper. On the other hand, going beyond the
microscopic modelling opens the door for the more general
stochastic processes, such as the Lévy processes that represent
a natural extension of the standard Brownian processes [13,
29]. However, for certain Lévy processes, the use of the mean
values and standard deviations is not a reliable tool for statis-
tical analysis [13, 29]. Therefore this kind of generalizations
is basically complementary to our considerations and requires
a separate analysis, see e.g. [30].

The importance of the relation between the open system’s
geometry (structure) and ‘function’ (dynamics) has already
been emphasized in similar contexts [29-33]. There, the
damping coefficient v and the temperature T are recognized to
characterize the role of the environmental fluctuations to the
open system’s dynamics. For the sake of comparison, without
further ado, below we give the results that do not presuppose
any restrictions of the values of v or T that include also the
overdamped regime for the rotator. To this end, in analogy
with section 3, we use the exact results for o, and oy, that are
presented in appendix B.

The standard deviations generally increase with the increase
of the temperature. A slight discrepancy of the classical and
quantum results are found only for the angle observable for
short time (not presented here); this discrepancy disappears
for the longer time intervals and for the larger values of both
and T. Below, the results regarding the exact quantum expres-
sions are given. For all figures we use the following values:
t=00l,w=10,I=1,0,(0)=0.1,0, =1=0,h=1 (in
their respective SI units).

Figure 5(a) depicts the results for the angle observable of
the free rotator. For the harmonic rotator (figure 5b) for shorter
times (r = 0.01), we can see decrease of the standard deviation
for lower temperatures like in figure 5(a) and, first some increase
and then decrease of the standard deviation for larger values of
T. This interplay between the roles of v and 7, figure 5(b), does
not appear for any other (quantum or classical) case.

Figure 6 depicts the results for the angular momentum for
both short and longer times. As distinct from the case of the
free rotator (figure 6(a)), there is a saturation of the standard
deviation for the harmonic rotator (figure 6(b)) for larger ~.
Compared to figure 5, we can see the faster and much larger
increase of oy.

Increase of the temperature leads to the increase of the
standard deviations, generally, that is, leads to the decrease of
the rotator’s stability. On the other hand, we find monotonic
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(the absence of the local maximums/minimums) depend-
ence of the standard deviations on + in all cases, except for
the case presented in figure 5(b). For larger -, we find better
stability (the smaller the standard deviation) for the angle
observable—in contrast to the angular momentum observ-
able. Better stability of the angle due to the stronger interac-
tion with the environment may be regarded analogous to the
‘noise-enhanced stability (NSE)’ effect [31-33] (and the ref-
erences therein). That is, the environmental fluctuations may
enhance stability of the open system’s dynamics [10, 31-33].
The presence of non-monotonic dependence on -y and 7 in the
NSE effect appears for the nonzero, nonquadratic potentials
[31-33] that are beyond the models considered in this paper.

Experience with the isolated quantum systems may seem
to impose the requirements of the rotational symmetry,
A(p) = A(p + 2m), for relevant quantities of the model, such
as those in equation (2). However, the absence of the rota-
tional symmetry for the total system’s Hamiltonian as well as
of the master equation (1) [20] reject the symmetry require-
ment-typical for the open systems, whose symmetries are
open issue in the foundations of the theory. In any case, rota-
tional symmetry is irrelevant for our considerations, which
are constrained (section 2) by the requirements of the small
individual rotation and small initial Aep.

From section 3 we expectably learn about the essentially
classical-like dynamics for the time intervals larger than
(Nv,)~ L Transition from the exact quantum to the classical-
like dynamics goes beyond the decoherence process, which is
described by the third term on the rhs of equation (1) and is
known to be much faster than the processes on the time scale of
(Nv,)~'[13, 34]. The ‘pure decoherence’ (also known as the
‘recoilless’) limit of equation (1) [12, 13] assumes sufficiently
large moment of inertia I = NI,, for N > 1, independently
of the damping rate . In this limit, [irrespective of the above
remarks regarding large N], the second (the dissipation) term
on the rhs of equation (1) becomes negligible compared to the
third (the decoherence) term. In appendix C, we provide the
results regarding the ‘pure decoherence’ limit of equation (1)
that both qualitatively as well as quantitatively departure from
the equations (3) and (5), which follow from the exact equa-
tion (1), even for the small time intervals N7 < 1. Hence
transitions to the classical-like dynamics for equations (3) and
(5), that are provided in section 3 and appendix A, cannot be
either reduced to or built solely on the decoherence process.

Therefore we find, that the spatial size and shape matter
on the nano-scale even for the simplest possible one-dimen-
sional rotator. That is, transition to the classical dynamics for
the realistic finite-size, N ~ 10, rotators (described by the full
equation (1)) is qualitatively different from the case of (physi-
cally unachievable) N >> 1, which regards the pure decoher-
ence limit of equation (1), even for the small time intervals
(NT K 1).

Ever since Hund [35] it is clear that quantum-mechanical
nature of molecules does not obviously support the phenom-
enological existence of a definite spatial shape of the mol-
ecules; consequently, the moment of inertia, 7, should be a
dynamical variable rather than a c-number appearing in equa-
tion (1). In the history of quantum theory and its applications,

different proposals have been used to resolve this riddle, see
e.g. [34] (and the reference therein). Nowadays, it is a common
position that the process of quantum decoherence is respon-
sible for the effective classical behavior of certain degrees of
freedom of open quantum systems [13, 34]. That is precisely
the basis of our considerations in which the moment of inertia
is a time-independent real number, not a dynamical degree of
freedom or a variable of the (rigid) rotator system. More pre-
cisely, we deal with the spatial shape and size of a molecule
as with a quasi-classical (environment-induced) characteristic
[36], which provides a basis of the treatment of the moment
of inertia as a real, time-independent classical parameter for a
rigid rotator as appearing in equations (1) and (2) as well as in
the results presented in this paper. A microscopic model that
would describe the shape-inducing decoherence [34, 36] as
well as decoherence described by equation (1) or regarded in
[25, 26] might significantly improve our understanding of the
emergence of classical from the quantum level [34].

As distinct from the classical counterparts [6-9, 16], the
molecular cogwheels suffer from the quantum mechanical
corrections for short time intervals; those corrections make
the rotation even less stable (less predictable) than in the
classical case. While individually small (and monotonically
decreasing in time), those corrections, for every number N of
the blades, may uncontrollably accumulate due to a series of
repeated external actions, which are not taken into account by
equations (3) and (5). That is, unless some kind of ‘error cor-
rection’ is performed, the final value of a standard deviation
for one action becomes the initial value for the next one and
hence accumulation of the quantum-mechanical contributions
is unavoidable. That is, a series of classical actions (e.g. of 40—
100 ‘kicks’ [37]) may uncontrollably increase the quantum
contributions and in principle give rise to the relatively large
final values of the standard deviations. Hence a departure
from, i.e. a limited use of, the standard semi-classical treat-
ment [5-11, 38]—that is valid on the time scales larger than
(N7,)~'-where the quantum contributions are effectively lost.

The results of section 3 reveal the absence of the simple
rules for utilizing the stability and the desired control of the
molecular Brownian rotators. That is, there is not such thing as
conditions for ‘the most stable rotation’. Instead, ‘relative sta-
bility’ appears as a combination of a number of criteria stem-
ming from section 3. We may say that this reminds us of the
reasoning typical for the engineering optimization methods
[15]-already at the microscopic scale. Below, we emphasize
and briefly comment on those criteria, all of them stemming
from section 3.

(A) The choice of the observable to be acted on.

Comments. Application of the external electric field on
the polar molecules exerts an action on the rotator’s angle,
while for the magnetic molecules, application of the magnetic
field exerts an action on the molecule’s angular-momentum.
The actions may be practically free choice only in the deep-
classical domain, which is defined in the point (C) below. The
choice is additionally laden by the point (B) below as well as
by the observation that the angle and the angular momentum
exhibit the opposite dependence on the size N of the rotator.
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(B) The magnitude of change of the standard deviations.

Comments. The magnitudes of change of the standard
deviations for ¢ and L, differ by several orders for the free
rotator, and for about one order for the harmonic rotator.
Those magnitudes are larger for the angular momentum than
for the angle of rotation. Nevertheless, the quantitative details
are sensitive to the size of the rotator as well as of the criteria
below described in (C) and (D).

(C) The rate of the external operations and the time-scale of
‘relaxation’ of rotation.

Comments. The ‘relaxation’ times in equations (3) and (5)
are of the order of (N, )~ L. For the time intervals much longer
than (N+y,) ™!, the rotator dynamics is practically indistinguish-
able from the classically predicted dynamics. However, for the
time-intervals shorter than (N7,)~!, the rotator dynamics is
subject of the quantum-mechanical corrections, which, albeit
individually negligible, may still be of interest in certain
situations. For the damping rate v, < 10® (e.g. for the value
1.3 - 10° Hz for the nonpolar solvent as the environment for
the internal rotation regarding the toluene molecule [20]), the
typical rates of operation of the order of 10~'%s [39-42] deeply
fall in the quantum mechanical domain. That is, such opera-
tions are by 10° (i.e. by 10°) times faster than the relaxation
rate (10,) L. Then a series of the external actions described
above, in the time-window shorter than (107,)~!, may lead to
the non-negligible increase of the quantum contributions and
therefore to less predictable (less stable) rotation dynamics.
The choice of the faster/slower operations is a matter of both
the desired functioning of the molecular cogwheels as well
as of the available techniques. Quantitatively, the domain
(quantum or classical) of the behavior depends on the regime
as emphasized in the point (E) below.

(D) The presence/absence of the external field(s).

Comments. Free rotator exhibits fast transition to the clas-
sical dynamics. Rotator in the external harmonic field is sub-
ject of fast oscillations in the quantum domain. Observability
of these oscillations depends on both the rate of the external
actions as well as on the time-resolutions of the available
measurement techniques. E.g. if the measurement cannot
resolve between the adjacent maxima/minima, the results will
generally provide the time-averaged data, even in the quantum
domain, which is more pronounced for the non-underdamped
regime.

(E) The underdamped/non-underdamped regime.

Comments. Generally, the two regimes are similar.
Quantitatively though, the non-underdamped regime empha-
sizes the longer-lasting quantum behavior for the harmonic
rotator. Thus we can expect non-trivial dependence on the cri-
teria (A)—(D) in conjunction with the presence/absence of the
external field.

Designing the proper scenarios for utilizing the rela-
tive stability of the molecular nano-rotators is beyond the
scope of the present paper. To this end, the work is in pro-
gress as well as accounting for the non-quadratic ‘internal’

and time-dependent driving fields for the rotator system [6,
29-33]. The results will be presented elsewhere.

5. Conclusion

Molecular cogwheels as the functional parts of the desired
nano-machines are with the definite geometrical shape and
the finite spatial size. If modelled as the one-dimensional,
propeller-shaped rigid rotators, their dynamical behavior
exhibits dependence on the spatial size in regard to the role
of quantum decoherence, the possible accumulation of the
quantum-mechanical contributions as well as on devising the
optimal scenarios for utilizing the relative stability of rotation.

Acknowledgments

The work on this paper is partially financially supported by
Ministry of Education, Science and Technological Develop-
ment, Serbia, grant no. 171028.

Appendix A. The classical expressions for the first
and second moments

Classical expressions for the equations (3) and (5) follow from
these equations after substituting the classically allowed null
initial values, 0,(0) = 0.(0) = 0(0) = 0. The proof of this
claim is as follows.

All expressions for the classical translational variables
[2, 3] are equally valid, mutatis mutandis, for the classical
rotational variables [6]. Bearing in mind that the classical
Langevin equation is the classical limit of equation (1) [20],
we simply exchange the translational by the rotational vari-
ables in the expressions known for the classical translational
variables; in our notation: f = 2/ in equation (A.1).

Equation (10) in [2] gives the mean square displacement
for the classical Brownian particle:

((x(t) = x0)*) = 2"}IZBT (f;t 1 +ef’/’"> (A1)

where xo = x(0).
It is easy to express the standard deviation for the angle ¢:

(Ap(1))* = ((p(t) = (p(1)))*) = (((2)

—¢0)*) = ({p(0) — wo)*. (A2)
In our notation, equation (22) of [2] reads:
L,(0 o

(p(1)) — o = 2;) (1—e ). (A.3)

Now placing equations (A.1) and (A.3) into equation (A.2)
with the use of equipartition, L*(0) = IkgT:

(Ap(n) = 2T

=
On the other hand, equations (12) and (14) from [2] in our

1
—2t — 4yt
72 —e 'Y)—f—Z(l—e ]
notation read:

(A4)
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(L.(1)) = (L.(0))e " (L2(1)) = IksT

+ ((L.(0)*) — IkgT) e~ (A.5)
From equation (A.5) easily follows:
(AL(1))* = (L} (1)) — (L(1))* = ke T(1 —e™™").  (A6)

Equations (A.4) and (A.6) can be easily recognized in
equation (3), where the quantum terms are those proportional
to 0,(0),0.(0) and o (0).

Finally for the free rotator, we derive the covariance o ;.
From section 2 of [2]:

dp - L, dz,

d 1’ d
with the zero average for the stochastic force, I{A(z)) = 0.
Then

= —BL. + IA(1), (A7)

& (L) — (L)) = (L4 o)
_<%><LZ> - <%><s0>. (A.8)

Substituting equation (A.7) into equation (A.8), we obtain
the differential equation for o
(AL,)?

1

do—apL o

e (A.9)

- ﬂagpL9

whose integration, for 3 = 2+, gives the expression equa-
tion (3) for o, (in equation (3) we use the dimensionless o).

For the harmonic rotation, we directly take over the clas-
sical expressions, equation (55) in [3]:

D —pt 2
(Ap(1)* = Bt (l S 5 (w? + % sin wif + fw; sin w coswlt))
w wi
12D — Bt 2
(AL.(1)* = 5 (1 _¢ 5 (w? — 5 sin wir — fw; sinw coswﬁ))
wi
D .
OoL = Ee*ﬁ’ sin® w1, (A.10)

1

where w; = y/w? — 32/4 and D = fkgT/I; in our nota-
tion, 8 = 2. Within the approximation of the order O(~y/w)
that is used in equation (5), all the sine and cosine terms in
equation (A.10) disappear while w; ~ w. The remaining clas-
sical terms are easy recognized in equation (5), in which the
quantum terms are proportional to o,,(0), o(0) and o (0).

Appendix B. Exact results for the harmonic rotator

Solutions of equation (2) are presented by equation (5) in the
approximate form, assuming weak interaction (i.e. vy, /w < 1).
In this appendix we provide the exact solutions of equation (2)
that underlie equation (5) and are not explicitly given in [24],

10

where the method of calculation is presented in detail; we use
02 =2 — w2
kgT
2 B
(AW(I)) - 1202
(AL2(0))?
1’02

(0% + 72" (w? — 4 cosh(2Q1) — 7Qsinh(2Q1)))+

(B0 s,

02

6727’0'[‘#; (0)
2102

e sinh?(u) + (—w? cosh?(Qn)+

7% cosh(2Q) + yQ sinh(291)) +
Qsinh(2)),

(2 sinh? (1) +
(B.1)

TkyT
T

Qe sinh(2Q1)) +

(AL,(1))? (—w?(1 — e ") 4+ 4%(1 — e~ cosh(2Q)) —

e (AL (0))?
02
e PP (Ap(0))?
02
(27 sinh? () — Qsinh(2Q)),

(—w? cosh?(Qr) + ~2 cosh(2u) —

v sinh(2Q1)) +

e " w?o;,(0)
202

sinh?(Qr)+
(B.2)

ULW(I) = 6_271( 7(A€ég))

(—2rysinh?(Qr) + Qsinh(291))—

A~vkgT
772]3 sinhz(Qt) +

%(Aw(o))z(h sinh?(Q) + Qsinh(291))
- ULSEO) (w? cosh(2) — 7). (B.3)

Taking the approximation 7,/w < 1 (when Q? ~ —w?

and € =~ w) and, for simplicity, (L,(0)) = 0 = (p(0)), equa-
tions (B.1)—(B.3) lead to equation (5). Equations (B.1)—(B.3)
are used for figures 5 and 6 in the main text.

Appendix C. The decoherence limit

The decoherence limit of equation (1) follows for the suf-
ficiently large moment of inertia, / = NI,, N > 1. Then the
second (the dissipation) term in equation (1) can be neglected
compared to the third (the decoherence term); the ratio of the
third and the second term is proportional to N. Therefore, for
simplicity, we place ¥ =, and I = NI,. Then instead of
equation (2), we obtain:

WD) _ ey,

AL v,

)L+ o0

@ = —(L(0)V'(i0(1)) + V' (2(1) Le(0)) + 4IyksT
S<soLz + L) = %<Lf> —2(pV'(p)). (C.1)

dr 1

From equation (C.1) it is straightforward to obtain:
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2 _ 2 a(0) U%(O) 2 kg T 5
o, = 0,(0) N7 + N 3NIO’y§T ,
ANkgT
2_ 2 B (C.2)
op =o7(0) + 172 T,
for the free rotator, and the exact expressions:
2(0 0
ai = ai(O) cos’ %7’ + U]L\ji(z) sin? %T + % sin 2%7
ZkBT ’yokBT 2 w
T — sin2—r,
NI w? NI w3 Yo
No(0
ot = 07(0) cos? Yt Nzaé(O) sin? <7 — No(0) sin 2
Yo Yo Yo
2NkBT N’VokBT sin2i7- (C3)
Iow? Iow? Yo
for the harmonic rotator. In section 3 it is assumed that
Yo w ~ 1073,

Expression for afp in equation (C.2) is of the form of

equation (3.442) in [13], which is obtained for the initial
wave-packet with ¢(0) =0 for short time intervals, i.e.
for 7 < L. The rest of equations (C.2) and (C.3) cannot be
obtained as approximations of the equations (3) and (5). Even
for the short time intervals allowing for the approximation
e V" ~ 1 — Nr, the two descriptions departure from each
other. It is rather obvious that equations (C.2) and (C.3) give
different predictions than equations (3) and (5) for the finite 7
as well as in the asymptotic limit 7 — oo. Therefore we can
conclude that the exact dynamics equations (3) and (5) as well
as the related transitions to the classical behavior—that are
presented in section 3 and in appendix A—are not determined
by decoherence for the finite-dimensional (N < 10) rotators,
even for the small time intervals N7 < 1.
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