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a b s t r a c t

According to the available literature, penetrating sperm creates an oblique path trough Zona pellucida
(ZP) – the most outer surface of oocytes. Considering fertilization process as an oscillatory phenomenon,
the influence of sperm impact angle relative to the oscillatory behavior of mouse ZP is described by using
the discrete continuum mechanical model in the form of a spherical net model.

A parametric frequency analysis of oscillatory behavior of knot material particles in the mouse ZP
(mZP) spherical net model is conducted by using generalized Lussajous curves. The influence of impact
angles of sperm cells on the corresponding knot mass particles’ resultant trajectory is discussed.
Favorable sperm impact angles for successful fertilization are identified.

& 2015 Elsevier Ltd. All rights reserved.

1. Introduction

Studying the sperm–oocyte interaction is important for under-
standing the process of fertilization. The precise molecular
mechanism of mammalian fertilization is still not known, but
from biochemical point of view it is considered that fertilization
passes through several phases: recognition and specific receptor
binding of sperm cell to ZP, acrozome reaction, penetration of
sperm head trough zona pelucida, and cortical reaction [1]. In the
process of fertilization both oocyte and spermatozoa pass through
structural and biochemical changes [2]. “During the activation of
the sperm cell (i.e. capacitation) in the female genital tract,
dramatic reorganizations take place in the sperm plasma mem-
brane in order to achieve the ability to fertilize the oocyte [3].”
Certain amount of spermatozoa that undergo acrosome reaction at
the time of insemination is required for fertilization to be
successful. By using images of boar spermatozoa obtained with
an optical phase-contrast microscope and learning vector quanti-
zation, Alegre et al. [4] automatically classify individual sperm
cells as acrosome-intact or acrosome-damaged with an overall test
error of 6.8%.

Clark [5] gave an alternative theory for successful sperm–ZP
binding events and post-fertilization inhibition of sperm binding.

According to this theory, content of the cortical granules causes
modification of ZP2 that leads to modification of ZP3 that lacks
sperm receptor and acrosome-inducing activity. Modified ZP2 and
ZP3 are unsuitable for binding either acrosome reacted or acro-
some intact sperm cells. The precise mechanism of how sperma-
tozoa pass through ZP is still unclear. This process should have
particular timing as ZP dynamically changes its mechanical prop-
erties during the processes of oogenesis, fertilization, and pre-
implantation development [6–12]. Ultrastructural analysis of
mammal ZP by using transmission electronic microscopy (TEM)
showed that the spermatozoid penetrated ZP by an oblique path
[13,14], but the specific angle is still not known. “Binding of the
sperm head by its flat surface could initiate the oblique angle of its
subsequent penetration through the eutherian zona. The tangen-
tial trajectory of that path ensures that it then closes as the zona
stretches and thins during expansion of the blastocyst, so pre-
venting the development of a hole(s)” [14]. Neither in vivo nor
in vitro conditions of fertilization are always successful. Bayesian
classifiers can be used to predict suitability of an embryo to
succeed implantation [15]. Corani et al. [16] made a network
model for predicting pregnancy after in vitro fertilization (IVF).
The authors compare the proposed model with classification
algorithms in the analysis of a data set containing IVF cycles
performed at reproductive institute. There are several biomecha-
nical models describing sperm–oocyte interaction from the bio-
mechanical point of view [17–19]. Using contact mechanics based
modeling Gefen [17] modeled relationship between sperm velocity
and pressures applied to the ZP during early sperm–oocyte
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penetration. The analysis showed that sperm velocity had higher
impact on pressure generated at the ZP surface than the sperm
head density. Modeling of Kozlovsky and Gefen [18] predicted that
during the early stage of penetration into ZP, biochemical binding
forces acting on spermatozoa, which have effective velocities, are
less than the mechanically generated propulsive forces.

According to the modeling of sperm–oocyte interaction in [19],
the hyperactivation of the spermatozoon and the sharpness of the
spermatozoon head are all important factors that govern success-
ful sperm penetration into ZP. Their modal analysis revealed that
ZP hardening process as well as ZP thickness had a negligible
effect on the maximum contact pressures, and the maximum
penetration of the head of spermatozoon. The biomechanical
model presented in [20,21] suggests that, in most cases interaction
between spermatozoa and ovum prior to sperm penetration, result
in rotation of the egg as a result of the previously unstable state.

According to our knowledge, there are no experimental data about
specific angle of sperm–ZP interaction that leads to successful fertili-
zation, nor data on whether this specific value of this angle depends
on acrosome reaction. It is possible that size of the exact angle varies
between species of mammals i.e. varies with the composition of ZP
and shape and size of spermatozoa head which is species-specific.

Angle at which a spermatozoid influences ZP of the oocyte is
important for understanding the process of mammalian fertiliza-
tion and mechanical properties of ZP.

Practical value of knowing this angle is in the application of this
knowledge in intracytoplasmatic sperm injection (ICSI) artificial
fertilization technique. Knowing angles under which spermatozoa
influence ZP and by using this knowledge in this technique could
possibly increase its efficiency and have multiple benefits. In ICSI
technique, during contact of micro-injection needle and ZP surface
forced oscillations of ZP appear. From the point of view of theory of
oscillations, each cell, each molecule, will exhibit oscillatory
movement. Self-oscillations are existent in the basal state. Forced
oscillations appear upon action of a force. The oscillatory behavior
of embryo in micro-injection technique which is used for mea-
surement of elastic properties of ZP has been analyzed in [21] by
using the finite element method. In addition, the micro-tactile
sensors used for measurement of elastic properties of ZP in [7] are
operating on the basis of piezoelectric effect, i.e. they measure
difference in the resonance frequency of the material in contact
with the sensor which confirms that oscillatory behavior of ZP
exists and can be measured.

In this paper we extend the analysis presented in [22,23,24], by
discussing a model that in comparison with the models used in the

previously considered analyses, contains additional variables
(sperm impact angle and sperm velocity).

1.1. The basic idea of sperm–oocyte oscillatory interaction

The basic concept is that oocyte is an oscillatory structure
which changes its oscillatory state as it changes its maturity status.
The most of the outer surface which resembles a 3D mash (on
SEM) changes its mechanical properties during different matura-
tion states [6–12] as well as its oscillatory state [25]. The structure
can oscillate in a free or in a forced regime. These oscillations
involve multiple frequencies. In a forced oscillatory regime, a
resonance could occur. In a state of resonance, as amplitudes of
oscillations enlarge, break of some “weak spot” in the ZP is
possible. This week spot could be the spot for initial penetration
of “the chosen sperm”. According to this oscillatory theory of
fertilization, the “chosen sperm” will be the sperm who oscillates
long enough at one of the ZP eigen frequencies. Impact of the other
spermatozoa on the ZP surface could contribute to this resonant
state of ZP.

In order to describe the oscillatory behavior of ZP structure and,
inspired by the Wassermans’ model of mouse ZP (mZP) [26], 3D
structural changes of ZP in atomic force microscope (AFM) [27],
and scanning electron microscope (SEM) analysis [28], we create
an oscillatory spherical net model [22–24,29]. The molar ratio and
masses of mZP glycoproteins were included in the model. Material
particles in the ZP oscillatory spherical net model correspond to
the ZP glycoproteins (see Fig. 1A and B). Knot material particles
(molecules) correspond to the ZP1 glycoproteins. Chemical struc-
ture of ZP is similar in mice, rats, pigs, and humans. In mice, ZP
consists of 3 sulphated glycoproteins: ZP1, ZP2, and ZP3. The ratio
of ZP2:ZP3 in mice is close to 1:1, whereas ZP1: (ZP2–ZP3) is 1:5.
ZP2 and ZP3 are of fibril structure. They are interchangeably
connected making fibril structures that are cross-linked with
ZP1. Relative molecular masses of the three proteins in mouse
are: (MrZP1): 200 000 Da, (MrZP2): 120 000 Da, and (MrZP3):
83 000 Da [26].

Parametric frequency analysis of oscillatory behavior of knot
molecules in mZP spherical net model was done by using general-
ized Lussajous curves. The influence of impact angles of sperm
cells on the corresponding knot mass molecules resultant trajec-
tory is discussed.

By using certain combinations of sperm cell impact angles, it is
possible to achieve different ratios of component amplitudes of 11
harmonics in the equations for displacement of each knot

Fig. 1. (A) Model of ZP spherical surface that shows radial direction of axis of constructive elements of the model – ZP proteins. (B) Part of the ZP network on a part of the
sphere (oocyte). Orange (ZP1), blue (ZP2) and green (ZP3) represents molecules of ZP proteins. Chains of spherical net are identical in circular and meridian direction. Axes
show directions of movements of molecules of ZP proteins. Each ZP protein is connected to the sphere with elastic springs that can oscillate in radial direction. (C) Segment of
spherical surface net model of mZP; V1–V4 are sperm cells with effective velocities. Red arrows denote sperm cell impact on a knot molecule. (For interpretation of the
references to color in this figure legend, the reader is referred to the web version of this article.)
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molecule in the radial, meridian, and circular directions. For
the case of free oscillations, knot molecules oscillate in three
directions: in the meridian and circular directions (with 11
frequencies in each direction) and in the radial direction with a
single-frequency. In the case of forced oscillations, when a single-
frequency external excitation is applied in the radial direction
to the knot molecule, it has two-frequency component displace-
ments.

Stacking the orthogonal asynchronous oscillations involving 11
equally probable frequencies of different amplitudes and phases,
we could obtain different resultant trajectories of each knot
molecule. The resultant trajectories of each knot molecule lie in
the plane tangential to the sphere surface net.

According to the form of generalized Lissajous curves, dynami-
cal state of knot molecules could be in the form of full synchro-
nization or asyinchronism, look like synchronization or asyin-
chronism or look like chaotic or stochastic like states. If all
considered knot molecules oscillate synchronously in the tangen-
tial plane, the outcome of impact of the sperm cell at ZP could be
predictable. In the case of synchronization of the resultant motion
of knot molecules, new spermatozoa can pass through ZP net. We
consider that this is a favorable oscillatory state of ZP net for
penetration and fertilization. In the case of chaotic like or
stochastic like trajectories of molecules at the ZP surface net, the
probability that one of many spermatozoa which are periodically
“attacking” ZP to penetrate through is very low. In this case it is
more likely that the incoming sperm cells will have impact with ZP
molecules.

1.2. The basic assumptions of the oscillatory model of ZP

The mechanical model of discrete oscillatory spherical net of
mZP was created by using discrete continuum method [29–31].
Dynamics of oscillatory discrete spherical net ZP model are
described by a system of differential equations along component
displacements in the radial wij, circular ui:j, and meridian vi:j
directions.

Chains in the meridian and circular directions are orthogonal.
Crossed chains are forming the spherical net with same properties
in the circular and meridian directions. Chains in the circular and
meridian directions lie in the spherical concentric circles to the
oocyte that we suppose is solid and elastic.

Chains are composed of the molecules of ZP glycoproteins as
material particles of different masses interconnected with mass-
less, in this case, linear elastic elements in a specific manner.

Each ZP protein molecule is coupled to the oocyte sphere
boundary surface by elastic springs that can oscillate in radial
direction.

Each of knot molecules has three degrees of freedom of motion,
in the radial, circular, and meridian directions, while other
molecules in mZP sphere surface model have two, in the circular
and radial or in the meridian and radial directions.

1.2.1. Free oscillations
We consider that the system of ZP oscillatory net oscillates in a

free regime after ovulation without presence of spermatozoa. If
there is only an initial perturbation by the kinetic and/or potential
energy given to oscillatory structures, only free vibration regimes
of the vibrating discrete structure will appear. In this case material
particles at the initial moment obtain the initial displacements,
measured from their equilibrium positions, and initial velocities.
Free oscillations can appear, if only one mass particle position is
perturbed from its equilibrium position or if only one mass
particle at its equilibrium position obtains initial velocity.

1.2.2. Forced vibrations
When one or more spermatozoa impact with the surface of ZP

discrete spherical net, we assume that ZP oscillates in a forced
regime at a single-frequency or a multiple frequency.

Goal of the current research is to assess if oscillations of mZP
could be influenced by sperm impact angles.

Therefore, the resultant trajectories of knot molecules oscillat-
ing at multiple frequencies, under different external excitation
conditions, under different impact angles of spermatozoids having
an effective velocity have been analyzed.

A qualitative analysis of the influence of different sperm impact
angles on the resultant oscillatory movements of knot molecules
in the context of favorable angles for fertilization was performed.

2. The analysis of oscillatory behavior of knot molecules in
mZP spherical net model through generalized Lussajous curves

For the analysis of generalized Lissajous curves of knot molecule
trajectories of spherical surface net of mZP when four spermato-
zoids having an effective velocity have impacts at four neighboring
knot molecules, we use the method of discrete continuum [29–31].

A periodic force acting simultaneously upon knot molecules is
applied in the model. The force intensity varies depending upon
the impact angle and velocity. A local impact with one knot will
influence the displacements of molecules in two neighboring
orthogonal chains, therefore the resulting displacements of the
knot molecules will be influenced by the symmetric/asymmetric
action of the force upon neighboring knot molecules in the two
orthogonal chains.

The case corresponding to in vitro conditions has been mod-
eled. The model does not include cumulus oophorus cells since
this is an additional modeling challenge. At present there are no
attempts to include in the mechanical model of sperm–oocyte
interaction the cumulus oophorus cells.

We took only one small part of the oscillatory sphere surface
net of mZP with the minimal number of molecules that periodi-
cally repeat in the chains (11 molecules in a chain) that still
preserves molar ratio of the mZP glycoproteins ZP1: (ZP2–ZP3)¼
1:5 (see Fig. 1C).

We focused on the knot mass dynamics because chemical
changes in ZP1 molecules are very important for the fertilization
process (Wasserman from [26,6,7]). In Fig. 1B and C the knot
molecules ZP1 are presented in orange.

In order to carry out frequency analysis of knot mass oscillation
trajectories in oscillatory spherical net model of mZP, we have to
pass through several steps:

� Defining differential equation of the chains dynamics with the
motion of 11 material particles;

� Making assumption as regards solutions and determining the
system of homogenous algebraic equations concerning eigen
amplitudes of the mass particles;

� Determination of the system determinants and characteristic
functions and the characteristic or frequency equation of the
system oscillatory behavior;

� Determination of the set of 11 eigen frequencies;
� Determination of cofactors which correspond to each of the 11

eigen frequencies and the corresponding eigen amplitudes
which correspond to each of the 11 eigen frequencies;

� Determination of analytical expressions for each of the 11 mass
particle displacements in the chain direction and the corre-
sponding integral constants for the corresponding particular
and defined initial conditions;

� Performing numerical multi-parameter analysis for certain
initial conditions of the system dynamics.

A. Hedrih et al. / Computers in Biology and Medicine 59 (2015) 19–29 21



We assume that rigidities (cm) of the massless elastic elements,
which interconnect the ZP molecules, are equal and calculated by

cm ¼
E R2�r2
� �

π

2R
; ð1Þ

where E is Young module of elasticity, R is radius of the mouse
oocyte, r is radius of the oocyte minus approximate thickness of
mZP. Data were taken from the paper by Sun et al. [6].

In particular, E¼17.5 kPa, 2R¼56.5 μm-average diameter of the
oocyte from [6], δ¼4.94 μm-approximate thickness of the oocyte,
and cm¼0.253 N/m.

Molecular masses of the corresponding ZP glycoproteins were
transformed into standard units.

Eigen circular frequencies ωs; s¼ 1;2;3; :::;11, were calculated
by formula:ωsðxsÞ ¼ 106 ffiffiffiffiffi

xs
p

; s¼ 1;2;3; :::;11, where xs is reduced
non-dimensional value of the square eigen circular frequency, read
from the graphic, 106 is factor of correction. We use the corrected
factor for two reasons: to harmonize the measurement units and
because ZP glycoprotein molecular masses in Matcad calculations
are multiplied by 1012.

For displacements’ analysis of the system described in Fig. 1C,
we used a system of ordinary differential equations consisting of
three subsystems:

Subsystem of ordinary differential equation (2) describes free
vibrations of the knot molecules in the radial direction:

mij €wij ¼ �c wð ÞijwijþFi;j sin Ωijt
� �

; ij¼ 1;2;1;4;3;2;3;4; ð2Þ

where mij are masses of the knot molecules in the cross-section of
ith chain in the circular direction, i¼ 1;3 and jth chain in the
meridian direction j¼ 2;4. These knot molecules are third/ninth in
the corresponding circular, or meridian chain; c wð Þij is the rigidity
of spring in radial direction, between the knot molecule and
spherical surface of the oocyte; wij is the component displacement
in the radial direction of a knot molecule of mass mij in an
orthogonal cross section between ith chain in the circular and
jth chain in the meridian direction;

€wij is the radial component of acceleration in direction of the
knot molecule of mass mij in the orthogonal cross section between
ith chain in the circular and jth chain in the meridian direction;
�mij €wij

� �
is the radial component of inertial force of the knot

molecule of mass mij in the orthogonal cross section between ith
chain in the circular and jth chain in the meridian direction; Fi;j is
the amplitude of external excitation force applied in the radial
direction of knot molecule of mass mij;Ωij is the circular frequency
of external excitation force applied in the radial direction to the
knot molecule of mass mij in the orthogonal cross section between
ith chain in the circular and jth chain in the meridian direction.

Subsystem of ordinary differential equations describing free
vibrations of molecules in the circular direction:

mij €uij ¼ þc uð Þij uiþ1:j�ui:j
� ��c uð Þi�1;j ui:j�ui�1:j

� �
; i¼ 1;2;3; :::;11; j¼ 1;3

ð3Þ
wheremij are mass of molecules in jth circular chain j¼ 1;3, and in
ith order along circular chains containing 11 molecules,
i¼ 1;2;3; :::;11 (see model in Fig. 1C); uij is the circular component
of displacement of molecule with mass mij in jth circular chain
j¼ 1;3, and in ith order along circular chains containing 11
molecules i¼ 1;2;3; :::;11; €uij is the circular component of accel-
eration of molecule of mass mij in jth circular chain j¼ 1;3, and in
ith order along circular chains containing 11 molecules
i¼ 1;2;3; :::;11; �mij €uij

� �
is the circular component of the force

of inertia of molecule of mass mij in jth circular chain j¼ 1;3, and
in ith order along circular chains containing 11 molecules
i¼ 1;2;3; :::;11; c uð Þij is the rigidity of spring between two mass
particles mi�1;j and mij in circular chains; uiþ1:j�ui:j

� �
is the axial

deformation (extension or compression) of the spring of rigidity
c uð Þij between two neighboring molecules mi�1;j and mij in the
circular chains; and �c uð Þij uiþ1:j�ui:j

� �� �
is the conservative force

of elasticity that appears in a spring during its axial deformation.
Subsystem of ordinary differential equations describing free

vibrations of molecules in the meridian direction in meridian
chains:

mij €vij ¼ þc vð Þi;j vi:jþ1�vi:j
� ��c vð Þi;j�1 vi:j�vi:j�1

� �
; i¼ 2;4; j¼ 1;2;3;…;11

ð4Þ
where mij are mass particle in ith meridian chain i¼ 2;4 and in
jth order along meridian chains containing 11 molecules, j¼
1;2;3; :::;11 (see model in Fig. 1C); vij is the meridian component
of displacement of a molecule of mass mij in ith meridian chain
i¼ 2;4, and in jth order along meridian chains containing 11
molecules, j¼ 1;2;3; :::;11; €vij is the meridian component of
acceleration of molecule of mass mij in ith meridian chain
i¼ 2;4, and in jth order along meridian chains containing 11
molecules, j¼ 1;2;3; :::;11; �mij €vij

� �
is the meridian component

of force of inertia of molecule of mass mij in ith meridian chain
i¼ 2;4, and in jth order along meridian j¼ 1;2;3; :::;11 containing
11 molecules; c uð Þij is the spring rigidity in meridian chains;
vi:jþ1�vi:j
� �

is the spring dilatation/axial deformation (extension
or compression) of a spring of rigidity c uð Þij between two neighbor-
ing molecules; �c vð Þi;j vi:jþ1�vi:j

� �� �
is the conservative force which

appears in the spring of rigidity c uð Þij between two mass particle
mi;j�1 and mij in meridian chains, as a result of the spring
deformation (extension or compression).

Eqs. (2)–(4) were obtained from [22] and they correspond to
Fig. 1C.

3. Impact of the four spermatozoa having an effective velocity

We analyzed a multiple-frequency oscillatory motions of knot
molecules when each of the four sperm cells of an effective
velocity simultaneously impact with different neighboring knot
molecules (see Fig. 1C). By simulating in vitro conditions when an
oocyte is acted upon by several spermatozoa [2], we considered a
small segment of the ZP model (see Fig. 1C) when all available knot
molecules are exposed to external periodic forces. A higher
number of spermatozoa per one egg cell is biomechanically
justified, i.e. mass of an egg cell is 107 times higher than the mass
of an individual spermatozoid. Owing to this high difference
between masses of the two cells, the egg cell in this system
practically behaves as a highly inertial body. A spermatozoid
which periodically acts on the surface of the oocyte cannot
generate sufficient pressure ensuring its penetration through the
ZP thickness. We consider that a simultaneous periodic action of a
number of spermatozoa covering the whole surface of the egg cell
could generate sufficient force which would, at certain point,
weaken the ZP shell and enable penetration of a single sperma-
tozoid. Also, within the oscillatory theory of fertilization, which is
a part of this oscillatory model, we consider that the weak point is
generated at the place where the resonance has appeared since,
phenomenologically, it can raise the amplitude of molecular
oscillations to a degree causing a break of the bond between
them. Since the area and structure of ZP, as well as the surface of
spermatozoid heads and their dynamical characteristics, are spe-
cific for the minimum number of spermatozoa required for
fertilization, this minimum number of spermatozoa is species
dependent.

Data for the mouse spermatozoa of effective velocity Vhp from
[32] were taken to and represent average path velocity of hyper-
activated sperm cells, Vhp¼ 171:1 μm=s. The hyper-activated
sperm cells were considered as the sperm cells of effective

A. Hedrih et al. / Computers in Biology and Medicine 59 (2015) 19–2922



velocity. Hyper-activation of sperm cells is necessary for the
capacitating process whereby sperm cells become competent to
fertilize the oocyte [33]. According to the data for the mass of bull
spermatozoa (1.82�10�14 kg or 1.82�10�11 g) [34], the approxi-
mated mass for a mouse spermatozoon was taken as 10�14 kg
(10�11 g).

The velocity which spermatozoa transfer to the knot molecule
at the moment of impact was calculated according to formula:
V ¼ Vhp�Msp=m3. Msp is the approximated mass of mouse
spermatozoa; m3 is mass of ZP1 glycoprotein-knot molecule.

When spermatozoa exerts influence on a plane that intersects
the plane tangential to the sphere, and when direction of sperma-
tozoa's movements forms an angle γ with the tangential plane, i.e.
angle π/2 with radial plane, angle θ with meridian direction, i.e.
angle 90�θ with circular direction, spermatozoa movement speed
can be decomposed into three components: circular, meridian, and
radial, according to the formulas:

Vcir ¼ V cos γ
� �

sin θ
� �

; ð5Þ

Vmer ¼ V cos γ
� �

cos θ
� �

; ð6Þ

Vrad ¼ V sin γ
� �

: ð7Þ
Analytical expressions for the oscillatory movements of knot

molecules in mZP spherical surface net model in the circular and
meridian directions could be written as a superposition of 11
collinear asynchronous modes in the following forms:

u3 tð Þ ¼
X11
s ¼ 1

K3sCs cos wstþαsð Þ; ð8Þ

v3 tð Þ ¼
X11
s ¼ 1

K3sDs cos wstþβs

� �
; ð9Þ

wr3 ¼ 106
ffiffiffiffiffiffiffi
cm
m3

r
; w3 tð Þ ¼ V

wr3
sin γ

� �
sin wr3tð Þ; ð10Þ

where u3(t) is the displacement in the circular direction, v3(t) is
the displacement in the meridian direction, and wr3 is the
displacement in the radial direction of the third molecule (knot
molecule in the sphere surface net model of mZP) in the con-
sidered chain (for details see Ref. [35]), ws is the eigen circular
frequencies, K3s is the cofactor of system determinante defining
the characteristic (frequency) equation of the system for the
corresponding value of Sth circular frequency, Cs and Ds, as well
as αs and βs, are integral constants, determined by the initial
conditions for each impact velocity of the spermatozoa into the
corresponding knot mass particle. There are 11-frequency
equations.

Eleven zeros (roots) of the system characteristic function are 11
squares of the corresponding 11 eigen circular frequencies of the
considered subsystem of the discrete spherical surface net model.
All 11 material particles in the chain oscillate at these 11 circular
frequencies. These frequencies are characteristic for the system
and its structure and do not depend upon initial conditions. They
depend only upon molecular masses and rigidity of the springs’
elements in the subsystem.

The corresponding superposition of the trajectory motion for
each knot molecule in the corresponding plane was done for the
cases when each of the 4 spermatozoa acts upon one of the knot
molecules. The calculation was done for different sperm impact
angles.

As the chains in the spherical surface mZP model are orthogo-
nal, the resultant displacements of the knot molecules in the
circular u tð Þ and meridian v tð Þ directions are obtained by summing
the effect of three sperm cells on the neighboring knot molecules.

The example of equations for displacement in the circular and
meridian directions of the first knot molecule is presented by
formulas:

u1 tð Þ ¼ u3;N1 tð Þþu9;N2 tð Þ; ð11Þ

v1 tð Þ ¼ v3;N1 tð Þþv9;N4 tð Þ; ð12Þ

where N1–N4 denotes position of the knot molecule in the
corresponding chain in the part of the spherical net, indexes
3 and 9 denote order of molecules in the chain (see Fig. 1B). We
introduced this notation so that different initial conditions could
be applied to each knot molecule by using analytical solutions for
the mass particle in the 11-mass particle model of the chain and to
use the corresponding analogy and cyclic permutation of the order
indices of the knot mass particles (sperm impact angle and sperm
velocity). Expressions for the second, third, and fourth knot
molecule are of the same form – summing the effect of the
neighboring knot molecules. These formulas are generated from
the model.

When one sperm cell has periodical repetitive impact on the
first knot molecule, then it causes displacements of all molecules
in the chain. We are interested in the resultant trajectory of the
knot molecules (third and ninth in the chain) in the plane
tangential to the sphere net. Displacements in the circular and
meridian directions caused by a periodical impact of the sperm
cell at the first knot molecule are calculated according to the
formulas:

u3;N1 tð Þ ¼ V1

X11
s ¼ 1

K3sC
:
1s cos wstþα1sð Þ; ð13Þ

v3;N1 tð Þ ¼ V1

X11
s ¼ 1

K3sD1s cos wstþβ1s

� �
; ð14Þ

u9;N1 tð Þ ¼ V1

X11
s ¼ 1

K9sC1s cos wstþα1sð Þ; ð15Þ

v9;N1 tð Þ ¼ V1

X11
s ¼ 1

K9sD1s cos wstþβ1s

� �
: ð16Þ

These formulas are generated on the basis of the theory of
oscillations [35], in particular, theory of oscillations of chain
systems [36] (for details see Ref. [35]). Equations for displacements
of the corresponding knot molecules caused by the second, third,
and fourth sperm cell are similar to those of the first.

In Eqs. (13)–(16), V1 is ratio between the sperm effective
velocity (velocity of hyperactivated mouse sperm taken from
[32]) and velocity from the previous experiments. Like in the
previous experiments, we took the same value for the hyperacti-
vated sperm velocity (Vhp¼ 171:1 μm=s), i. e. V1¼1.

For the considered case, we determined Cs and Ds from the
initial conditions in the following form:

Ds ¼
V
L
Δs
�� �� cos γ

� �
sin θ

� �
; ð17Þ

Cs ¼
V
L
Δs
�� �� cos γ

� �
cos θ

� �
; ð18Þ

where expression L has the following form:

L¼
X11
s ¼ 1

ð�1Þ11þ s wsK11;S Δgs
�� ��� �

; ð19Þ

ws, s¼ 1;2;3; :::;11 is the corresponding eigen circular frequency.
In the previous expressions, determinants Δgs

�� ��, s¼ 1;2;
3; :::;11, were determined for all 11 eigen circular frequencies.
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For the first eigen circular frequency,

Δg1
�� ��¼ det aij

� 	
; aij ¼ωjKij; ð20Þ

where i¼1,2,3,…,10, j¼2,3,4,…,11 (for details see [35]).
Determinants Δs

�� �� were determined for all 11 eigen circular
frequencies. For the first eigen circular frequency,

Δ1
�� ��¼ det aij

� 	
; aij ¼ωjKij; ð21Þ

where i¼1,2,4,5,…,11, j¼2,3,4,…,11 (for details see [35]).
These determinants, determined the integral constants for the

initial conditions when velocity is transferred to the third mole-
cule in the equilibrium state and all other molecules did not have
any velocity. In the previous expressions for displacements, and in
matrices, ws is the corresponding eigen circular frequency, αs and
βs are the phase and integral constants, determined by initial
conditions.

4. The results and discussion

In our numerical experiments we took for initial conditions
that αs and βs had equal value of π/2. By using Math Cad and
graphical method for presenting the characteristic function from
the frequency equations of the system, we determine 11 zeros
(roots) of the system characteristic function which correspond to
the 11 squares of the corresponding 11 eigen circular frequencies.

By assuming that all sperm cells have the same effective
velocity: Vhp¼ 171:1 μm=s, V1¼V2¼V3¼V4, and the same impact
angle with respect to the knot molecules, γ1 ¼ γ2 ¼ γ3 ¼ γ4;
θ1 ¼ θ2 ¼ θ3 ¼ θ4, we analyzed the resultant trajectory of motions
of the knot molecules.

For the specific (particular) values of the sperm impact angles γ
and θ with respect to the knot molecules (π/12, π/6, π/4, π/3, π/2
and 2/3π), the resulting displacements of the knot molecules are
obtained. We varied the value of impact angle: from the cases
when angles γ and θ were having the same value equal to π/12,
π/6, π/4, π/3, π/2, and 2π/3 to the cases when angles γ and θ were
not equal. Different combinations of the before mentioned values
of angles were used.

The resultant displacements of the knot molecules are in the
form of generalized Lissajous curves obtained by summing two
orthogonal (circular and meridian) component vibrations at 11-
frequencies.

Depending upon the form of the obtained generalized Lissajus
curves, we made a series of conclusions useful for evaluation of
dynamical state of the ZP multiple-frequency oscillations.

The different cases when angles γ and θ are equal are presented
in Figs. 2–4.

Generalized Lissajous curves in Fig. 2B has chaotic-like form
showing that the π/2 sperm impact angle is not suitable for fertiliza-
tion. It is the most unfavorable impact angle, although the amplitudes
of motions of the knot molecules are very low (see also Figs. 6A, 7B,

Fig. 2. Trajectories for all four knot mass particles when all four sperm cells have maximumvelocities and impact angles γ and θ are equal – γ1 ¼ γ2 ¼ γ3 ¼ γ4 ¼ θ1 ¼ θ2 ¼ θ3 ¼ θ4:
(A) 2=3π and (B) π=2.

Fig. 3. Trajectories for all four knot mass particles when four sperm cells have maximum velocities and impact angles γ and θ are equal – γ1 ¼ γ2 ¼ γ3 ¼ γ4 ¼ θ1 ¼ θ2 ¼ θ3 ¼ θ4
of: (A) π=3 and (B) π=4.
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and 8A). Bedford [14] speculates that sperm impact angle of π/2 will
probably provide holes in the ZP during its stretching during growth
of the embryo. Angle 2π/3, according to the form of generalized
Lissajous curves, provides asynchronous dynamical state of the knot
molecules (see Figs. 2A, 6B, 7C, and 8B, C).

In Fig. 3B is visible that all four knot molecules oscillate
synchronously (angles γ and θ are equal to π/4).

For very small values of angles γ and θoπ/12, Lissajous’ curve
has a chaotic-like appearance indicating that this combination of
angles is not favorable for fertilization.

For the same initial conditions (at the initial moment, when
equilibrium of the system of sphere surface net is exposed to the
spermatozoa that transferred their kinetic energies to the knot
molecule) at a given angle π/12 and with different values of angle
θ, the resultant displacements of all four knot molecules are
presented in Figs. 5 and 6.

When γ has value of π/6 and θ (θ1 ¼ θ2 ¼ θ3 ¼ θ4) has values
π/4 or π/3we obtained the same graphs as in Fig. 5B and C; when θ
is π/2, 2π/3 the resultant displacements of the knot molecules look
like those presented in Fig. 6A and B respectively.

Fig. 4. Trajectories for all four knot mass particles when four sperm cells have maximum velocities and impact angles γ and θ are equal – γ1 ¼ γ2 ¼ γ3 ¼ γ4 ¼ θ1 ¼ θ2 ¼ θ3 ¼ θ4
of: (A)π=6 and (B) π=12.

Fig. 5. Trajectories for all four knot mass particles when four sperm cells have maximum velocities and impact angles γ1 ¼ γ2 ¼ γ3 ¼ γ4 ¼ π=12 and θ,θ1 ¼ θ2 ¼ θ3 ¼ θ4 is equal
to: (A) π=6, (B) π=4 and (C) π=3.

Fig. 6. Trajectories for all four knot mass particles when four sperm cells have maximum velocities and impact angles γ1 ¼ γ2 ¼ γ3 ¼ γ4 ¼ π=12 and θ θ1 ¼ θ2 ¼ θ3 ¼ θ4 is equal
to: (A) π=2 and (B) 2=3π.
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For sperm impact angle of π/4 and certain values of angle θ
generalized Lissajous curves of the resultant displacements for all
four knot molecules are presented in Fig. 7.

The resultant displacement for sperm impact angle π/3 and
large values of angle θ are presented in Fig. 8A and B.

For combinations of angles γ and θ, π/6 and π/4 and π/12 and π/
4 respectively, synchronization of all four knot molecules, each with
11-frequency vibrations, were obtained, (Fig. 9A) but for γ and θ π/4
and π/6 and π/4 and π/12 respectively, resultant motions for four
knot molecules were in the form of chaotic like Lissajous curves (see
Fig. 9B and C).

Favorable sperm impact angle γ of π/12 that we obtained in our
numerical experiments in mZP spherical surface net model (see
Figs. 5B and 9A) have a support by the results published in some
papers in the area of reproductive biology and biophysical studies:

sperm surface remodeling necessary for fertilization [37,38],
involving lipids and proteins that are organized into lateral regions
of sperm head surface. These molecules enable a sperm cell to
bind to the ZP [3].

The example when all sperm cells have different sperm impact
angles with respect to knot molecules is presented in Fig. 10.
In this case each knot molecule has different stochastic-like
Lissajous curve, therefore this oscillatory state is not suitable for
fertilization.

The best mechanical models of fertilization which appeared so
far in the literature [17–19] confirmed that the speed of sperma-
tozoa is more significant for the pressure a spermatozoid makes
during its first contact with the surface of ZP than the density of
spermatozoid heads or biochemical binding forces which exist
between the surfaces of spermatozoids and ZP. These models

Fig. 7. Trajectories for all four knot mass particles when all four sperm cells have maximum velocities and impact angles γ1 ¼ γ2 ¼ γ3 ¼ γ4 ¼ π=4 and θ,θ1 ¼ θ2 ¼ θ3 ¼ θ4 is
equal to: (A) π=3; (B) π=2 and (C) 2=3π.

Fig. 8. Trajectories for all four knot mass particles when all four sperm cells have maximum velocities and impact angles: (A) γ1 ¼ γ2 ¼ γ3 ¼ γ4 ¼ π=3 and
θ1 ¼ θ2 ¼ θ3 ¼ θ4 ¼ 1=2π. (B) γ1 ¼ γ2 ¼ γ3 ¼ γ4 ¼ π=3 and θ1 ¼ θ2 ¼ θ3 ¼ θ4 ¼ 2=3π. (C) γ1 ¼ γ2 ¼ γ3 ¼ γ4 ¼ π=2 and θ1 ¼ θ2 ¼ θ3 ¼ θ4 ¼ 2=3π.

Fig. 9. Trajectories for all four knot mass particles when all four sperm cells have maximum velocities and impact angles: (A) γ1 ¼ γ2 ¼ γ3 ¼ γ4 ¼ π=6 and θ

θ1 ¼ θ2 ¼ θ3 ¼ θ4 ¼ π=4 and γ1 ¼ γ2 ¼ γ3 ¼ γ4 ¼ π=12 and θ θ1 ¼ θ2 ¼ θ3 ¼ θ4 ¼ π=4. (B) γ1 ¼ γ2 ¼ γ3 ¼ γ4 ¼ π=4 and; θ1 ¼ θ2 ¼ θ3 ¼ θ4 ¼ π=6. (C) γ1 ¼ γ2 ¼ γ3 ¼ γ4 ¼ π=4 and
θ1 ¼ θ2 ¼ θ3 ¼ θ4 ¼ π=12.
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consider only the influence of a single spermatozoid upon ZP
surface.

The model of oscillatory spherical ZP net considers influence of
a large number of spermatozoa (the situation usually existing in
in vitro conditions and in majority of mammals also in in vivo
conditions), which allows making the analyses of the influence of
distribution of force and influence of the angle and speed upon
oscillatory behavior of ZP.

Compared to the existing mechanical models, the model of
oscillatory spherical ZP net differs in that the previous mechanical
models did not take into account the impact angle of spermatozoa,
not even as a potentially modifying factor for the force of impact a
spermatozoid makes at ZP surface. The previous mechanical
models make an ad hoc assumption that the impact angle is 90o

and analyze the force generated by a spermatozoid starting from
the assumption that the least contact surface will generate the
highest pressure on ZP and that this highest pressure is required
for spermatozoid penetration. However, the highest contact pres-
sure will cause the highest resistance in ZP [39], since ZP exhibits
viscoelastic properties and does not behave like an ideal elastic
body [39]. Indeed, the exact mechanism of spermatozoid penetra-
tion through ZP is still unknown and it is not known whether the
highest pressure made by spermatozoid corresponds to the most
favorable mechanism for its penetration or it penetrates ZP
following the line of “least resistance”, i.e. it is easiest to penetrate
at the point where ZP makes the least resistance [39].

There are articles where it is pointed that the transversal force
generated by a spermatozoid is higher than the propulsive force
[40,41] indicating that a sharp angle would be more favorable for
the penetration. By using the mZP oscillatory spherical net model
in our numerical experiments, we have come to the conclusion
that sharp angles are more favorable, particularly π/4 and combi-
nations π/4 and π/12 or π/4 and π/6. In addition to the findings in
[40] and our own results, we consider that a lateral contact, i.e.
sharp impact angle of spermatozoid collision, provides a larger
contact surface between the spermatozoid and ZP which may
facilitate receptor recognition between the two contact surfaces
leading to a potentially easier penetration mediated predomi-
nantly by biochemical mechanisms.

It is possible to apply a wider range of speeds, but this, for the
same angle, would change amplitudes of the movement of knot
points – the moving trajectory remaining the same.

If a large number of spermatozoids effectuate periodic actions
at ZP surface, there are countless combinations of angles and

speeds for both, individual and collective, actions upon the whole
ZP system. There are combinations, not taken into account in this
work, which could bring ZP to a state of excitation which is
favorable for fertilization.

4.1. Limitations of the model

The main limitations of our model are related to the small
number of elements in the model (four orthogonal chains, 11
molecules each), the model is linear, and chains in the model are
orthogonal. This mechanical oscillatory model of ZP is based on
the structural model of ZP, proposed by Wasserman in 1988 and
modified later by Green in 1997 [26]. The essential difference is
that the modified, Green's, model is a structural model whereas
our's is an oscillatory model where ZP is represented by a spherical
net surrounding oocyte. This net consists of the chains of ZP
glukoproteins we assumed to be orthogonal and consisting of the
glycoprotein’s similarly distributed like in Wasserman's model,
with the difference that the distribution of ZP2 and ZP3 is selected
so that, even in the smallest unit, molar ratio of ZP molecules is
preserved to be the same as the one existing in the ZP of mice. In
reality, we do not know what the distance in microns between two
knot molecules of ZP1 is.

According to the theory of oscillations, oscillatory behavior of a
system is defined by the mass of the system, its elastic properties
(in the present case stiffness of the springs), and characteristics of
the external force, particularly frequency. Consequently, molar
ratio between masses of ZP glucoproteins will be of influence
upon oscillatory behavior of our model.

In the regime of forced oscillations, either dynamic absorption
or resonance could arise. In this work, we intended to show
phenomenologically what would be the oscillatory behavior of
knot molecules in the regime of multiple frequency oscillations
taking the smallest possible segment of the model of ZP oscillatory
network where the molar ratio of the molecules is preserved. As a
measure of the influence of spermatozoa on ZP, we used periodical
force acting simultaneously upon knot molecules. A local action
upon a single knot point will influence displacements of both
neighboring molecules of the orthogonal chain.

By analyzing oscillatory behavior of a finite number of mole-
cules in the mZP spherical net model (11), a finite number of eigen
circular frequencies was obtained. In a real ZP there are numerous
ZP molecules and thus numerous eigen circular frequencies. It is
possible to use a larger number of molecules. As the number of
molecules in the system increases, the corresponding mathema-
tical calculations becomes progressively more complicated and
additional programming is required, but qualitatively essentially
different results would not be obtained. By including a larger
number of molecules the model would become more cumber-
some, the initial conditions would be changed, therefore there the
results involving a higher number of frequencies and displacement
coordinates would be obtained.

Non-linear properties of a real ZP and limitations of the
analytical method of solving the corresponding system of non-
linear differential equations require using numerical methods and
approximations, or using oscillators with non-linear elastic and
damping forces [42,43] in the modeling of oscillatory behavior of
ZP. In a more complex model which includes non-linear bonds
between molecules of the neighboring chains, the results related
to synchronization of the movements of knot molecules inclusive
of impact angle influence are similar [44].

Real ZP is a very complex oscillatory system and very selective
as regards to spermatozoa penetration. This ZP selectiveness
provides constant quantity of the genetic material in each
generation.

Fig. 10. Trajectories of all four knot mass particles when all four sperm cells have
maximum velocities and different sperm impact angles: γ1 ¼ π=3 and θ1 ¼ π=6,
γ2 ¼ π=4 and θ2 ¼ π=6, γ3 ¼ π=4 and θ3 ¼ π=2, γ4 ¼ π=2 and θ4 ¼ π=4.
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5. The conclusions

By using the mechanical discrete spherical net model of mouse
ZP, a qualitative analysis of oscillatory behavior of knot molecules
in the model was done. From the frequency analysis of the knot
molecules for forced vibrations caused by periodical impact of
sperm cells under certain angle, we can conclude the following:

� Component displacements in the meridian and circular direc-
tions of knot molecules are in the form of multiple-frequency
oscillations;

� Depending upon initial perturbation of the equilibrium state of
material particles in the spherical net, component displace-
ments of knot mass particles are in multiple-frequency oscilla-
tory regimes, but with the number of frequencies is less or
equal to the number of eigen frequencies of the system;

� The resulting trajectory of the component motions in the
circular and meridian directions in the plane tangential to the
sphere net of the observed knot molecules in the model are in
the form of generalized Lissajous curves that could be in the
form of strait line, periodical, non-periodical, stochastic-like or
chaotic-like trajectories, as a results of summing two orthogo-
nal multiple-frequency component vibrations. For obtaining a
real space trajectory of a knot mass particle, the components in
radial direction have to be added;

� Impact angles of the sperm cells’ velocity directions have
influence upon the resultant trajectories of motions of the knot
molecules in the spherical net model of mZP;

� Impact angles of the sperm cells’ velocity to the knot protein
molecules are important for the resultant trajectories of motion
and synchronism or asynchronism of multiple-frequency oscil-
latory motion of the knot protein molecules in the oscillatory
spherical surface net model of mZP;

� We have identified the favorable and unfavorable sperm impact
angles;

� Very small and very large impact angles are unfavorable;
� We confirmed that oblique angles are more favorable for

fertilization and we predicted their values.

Synchronization of knot mass particle motions as results of
summarizing of two orthogonal multi-frequency vibrations is not
successful for spermatozoa that have impact to the knot mass
particles in net, but this kinetic state could be an open pathway for
some of next spermatozoa cell for successful passing through ZP
and start fertilization;

The oscillatory spherical net model of mZP is suitable for
modeling simultaneous influence of multiple sperm cells at the
oocyte surface in in vitro conditions.

Combining the microscopy imaging techniques and mechanical
model could be suitable for practical validation of the results of
our numerical experiment: (i) are the sperm impact angles
favorable for a successful fertilization predicted by the oscillatory
model and (ii) are they identical or similar to the measured ones.

We believe that this oscillatory approach could contribute to
better understanding of the fertilization process: how oocyte
makes selection through its extra-cellular matrix? Does the
receptor-mediated mechanism of recognition and fertilization
have oscillatory phenomenon in its nature, like resonance
between oscillatory regimes of ZP and “chosen” sperm cell as a
necessary condition for fertilization?

Our analysis of the influence of sperm impact angle on para-
metric frequency analysis of the oscillatory behavior of knot
molecules in mZP spherical net model is one step forward in
understanding dynamical conditions and vibro-impacts in the
processes of mammalian fertilization and polyspermy block.
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