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Abstract

In this paper, we study (b, c)-invertibility of some arbitrary (b, c)-inverse and we give an
equivalent condition for its (b, ¢)-invertibility. Moreover, we investigate when some well known
properties of generalized inverses hold for (b, c)-inverses. Further, we study when the (b, ¢)-
inverse of the unity is equal to the unity itself and we obtain equivalent conditions for this to
hold. In addition, we investigate the reverse order law for the (b, ¢)-inverse. Finally, we prove
that in the case when the unity is (b, ¢)-invertible, the set of all (b, ¢)-inverses, with respect to
multiplication, is a group.
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1 Introduction

Throughout this paper we assume that R is a ring with the unity 1. In 2012, Drazin [5] introduced
the concept of the (b, ¢)-inverse, as an outer inverse which generalizes some well known generalized
inverses. Namely, for given b,c € R, an element a € R is said to be (b, ¢)-invertible if there exists
y € R such that

y € (bRy) N (yRc), yab=1b, cay = c.

If such y exists, it is unique and it is called the (b, c)-inverse of a, denoted by y = a(®®). Also,
the (b, c)-inverse of a satisfies yay = y. By R we will denote the set of all (b, c)-invertible
elements of a ring R. After the publication [5] of Drazin, many authors have studied properties of
(b, ¢)-inverses and its special cases and there are plenty of papers on this subject (for example, see

31, M1, [7-[6]).

For the convenience of the reader, some fundamental concepts are given as follows. The set of
all invertible elements of a ring R will be denoted by R~1. Also, we denote by Rfl (R;71) the set
of all left (right) invertible elements of a ring R. Let us recall that an element a € R is regular if
there exists y € R such that aya = a. Any inner inverse of a will be denoted by a~. The set of all
regular elements of a ring R will be denoted by R~. The set of all inner inverses of a € R will be
denoted by a{l1}.
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For a € R, we define image ideals aR and Ra by
aR={ar:z € R}, Ra={za:z¢€ R},
and kernel ideals a® and °a by
a®={zreR:ax=0}, °a={zx€R:za=0}
Let us recall that the Drazin inverse a? [6] of an element a € R is the unique solution, if any,

of equations:

a*za = d, razr = a, axr = za,

for some k € N. The set of all Drazin invertible elements of a ring R will be denoted by R?.

This paper is organized in the following way. In the second section of this paper we list some
lemmas, which we will apply to derive our results. The third section of this paper contains results
that we have obtained.

2 Auxiliary lemmas

Now, we will give some auxiliary lemmas, which will be useful in order to prove our results.
Lemma 2.1. ([5l Theorem 2.2]) For a,b,c € R, the following statements are equivalent:
(i) a®©) exists.

(ii) b € Reab and c € cabR.

Lemma 2.2. ([3, Lemma 2.1]) Let a,b,c € R. The following statements are equivalent:
(i) a®®) exists;
(ii) b,c € R~ and there exists y € R such that yab=>b, cay = ¢, y = bb~y = yc~c.

In that case, y = a(®°).

Lemma 2.3. ([8, Theorem 2.9]) Let a,b,c € R. The following statements are equivalent:
i) a€R®9;

ii) there exists y € R such that yay =y, yR = bR and Ry = Rc;

/

(i
(i
(ii)" b € R~ and there exists y € R such that yay =y, °y = °b and Ry = Rc;
(i) ¢ € R~ and there exists y € R such that yay =y, yR = bR and y° = ¢°;
(i) b,c € R~ and there exists y € R such that yay =y, °y = °b and y° = c°;
(i) be R~, °anNRc={0} and R = Rea ® °b;

(i) c€ R~, a®NbR = {0} and R = abR & c°.

b,c)

In this case, y = al

Lemma 2.4. ([16, Theorem 3.1]) Let a,b,c € R. The following statements are equivalent:



(i) a € R®);
(ii) ce R~, b° = (ab)®, R = abR & ¢°;
(iii) be R~, °c= °(ca), R= Rca® °b.

In view of the item (ii) of this lemma, for b = ¢ we have that a is invertible along b and
a) = allb. See [9].

Lemma 2.5. ([I4, Lemma 4.1]) Let b,c € R and a,d € R®:9)  Then d0:) = b:0)qql:e) =
a®)ad®e),

Lemma 2.6. ([IT, Theorem 3.3]) Let b,c,d € R and a € R . Then cab = cdb if and only if
d € R®9 and a®®) = d®).

Lemma 2.7. ([IT, Theorem 4.4]) Let b,c € R and a € R®°). The following are equivalent:
(i) aa®®) € RO
(i) a®9a € R®);
(iii) 1 € R®),
Moreover, if any of the above conditions is satisfied, then:
(a) (aa(b,c))(b’c) = (a®)a) (b.o) _ 1(0.0).
(b) 109 € RO and (10:9) ") = 1.0,

(c) a®e) = qa®e) . 1) = 1(0e) . q(0:0)  for every a € RO,

Lemma 2.8. [14) Theorem 4.4] Let b,c € R and a,d € R . Then the following statements are
equivalent:

(i) ad € R®9) and (ad)®®) = d®:)q(b);
(i) d® = d®add®abe) = d®)ab-) add®);

(iii) a®®) = a®)add®)a®) = 4 qt:0) qda®:).

3 Results

It is well known that for the Drazin inverse of some element a € R?, we have that (a?)? = aa%a

and ((a?)?)? = a? hold [I]. Tt is natural to ask if these properties are also valid for (b, ¢)-inverses,
so we investigate this question in what follows.

Theorem 3.1. Let b,c € R and a € R®9). The following statements are equivalent:
(i) a®) & RO);
(ii) 1 € R®),

If any of the above conditions is satisfied, then:



(a) (a(b,c))(b7c) — (b0 g1 (b0)
(b) (a(b’c))(b’c) € R and ((a(b’c))(b’C))(b,C) =a(®°)
(c) a® (a®9) ") = (q®:)®) g0 = 1),

Proof. Let the assumptions of the theorem hold. Denote by 3 = a(®).
(i) = (ii): Let y € R®). We will prove that R = Re® °b. Since a,y € R®°), by Lemma (ii)’
and (iii), we have that °y = °b, Ry = Rc and

{0} = °yNRe= °bNRc= °yN Ry. (1)
Further, since y € R, by Lemma (iil), we have:

R=Rcy® °b=Ry*® °y C Ry + °v. (2)
Now, (fll)“ogn and , it follows that R = Ry@®°y = Rc® °b. By Lemma (iii), it follows that
1 e R™9.
(ii) = (i): Let 1 € R®°). We will prove that °y N Rc = {0} and R = Rcy @° b. Since a € R(®9),
by Lemma [2.3] we have that °y = °b and Ry = Re. Further, from 1 € R®°) and Lemma (iii)

we have:

R=Rc-1® °b=Rc® °y=Ry® °y. (3)

Therefore,
°y N Re = {0}. (4)

Moreover, from 1 € R®¢) and by Lemma we have b € Rc-1-b, i.e. there exists some v € R,
such that b = ucb. Let r =1 —wuc. Then rb =b—wuch, i.e. r € °b = °y. Hence, ry = 0. Therefore,
y=1-y=(r+uc)y =ucy € Rey. Since Rey = Ry?, we have y € Ry? and thereby Ry C Ry?.
Trivially, Ry? C Ry. Therefore, Ry = Ry? = Rcy. Now, from , we have that

R=Ry*® °y=Rcy® °b. (5)
Now by , and Lemma (iii), we get that y € R(®:),

Now, let us prove the second part of the theorem. Let a(®¢) € R(®¢). By the previous proved
part of this theorem (i) < (i4), this means that 1 € R(®-).

(a) Let z = 1®:9q1(:9) . We will prove that z is the (b, ¢)-inverse of 3. Using Lemma (c), we get
10 () = () Further, by Lemma we have 19 qa(®¢) = 1(5¢) Moreover, by definition
of the (b, ¢)-inverse, we have 1(%¢) . 1. = b. Therefore, we get:

2a®p = 1(b’c)a(1(b’c)a(b’c))b = (1(b’c)aa(b’c))b =10:9p = p.
Similarly, as a(®91(5:¢) = ¢(0:0) q(0:0)q1(:0) = 1(0:0) and 1) = ¢, we have
ca®9y = c(a(b’c)l(b’c))al(b’c) = c(a(b’c)al(b’c)) =10 — ¢,

Further, we have that z € bRz N zRe. Indeed, since 1 € R®¢) we have that 1) e pR1(*:9) N
1(4:9) Re. Therefore,
z =101 ¢ pR1®9 1) = pR2,

and
2 =109q11:0) ¢ 10010 Re = > Re.

Thus, (a®9))®€) = 2 ie. (a®))®:e) = 1(b:0)q1(bs0),



(b) Since 1 € R®9), we have ¢-1-1%9 = ¢ and 19 . 1.b = b. Moreover, from the previous
proved part (a) of this theorem, we have (a(®9))®:¢) = 1(:©)q1(:¢) Tf we multiply the last equality
by ¢ from the left side and by b from the right side we get:

c(a(b’c))(b’c)b =10 g1 — cqb.

By Lemma 2.6} we get that (a(®))(®¢) € R(®) and ((a®:9))®:0)®:0) = g(b),
(c) Using Lemma we get:
1(b7c) = ]_(b’c)a(brc) (a(b7c))(bac) = (a(b,c))(b,c)a(b,c)1(1),6)'

By Lemma (c), we have 1(:9)q(t:0) = q(:0)1(b:0) — () Hence, the statement (c) is valid. [

Remark 3.1. Let b,c € R and 1,a € R®°). Using Theorem and by induction we get that:

k times

——
((a (b’c))(b’c) .. .)(b’c) e R, for every k € N.

Furthermore:
2k+1 times
——
((a (b’c))(b’c) .. .)(b’c) =a®9,  forkeNU {0}
and

2k times

—N—
((a®)Be) ) = (g:)) (i) = 1)1 (b0) - o | € N.

As we have already mentioned, the Drazin inverse can be expressed as (a?)? = aa%a [1]. In
general, the analogous property does not hold for the (b, ¢)-inverse, as we can see in the following
example.

Example 3.1. Let M, stands for the algebra of 2 x 2 complex matrices and let a,b,c € Ms be

such that:
y_ [0 1 [0 o0 (a1 a
“lo o> “Tlirol YTla oasl|

where a; # 0. By a straightforward computation, we get that the solution of the equations yab = b,
cay =cand y =bb~y = yc ¢, is:
_[at 0
= o]

Hence, by Lemma we have that a is (b, ¢)-invertible and that a(®¢) = y. Moreover, we have
that a(®°) is also (b, ¢)-invertible and

(,e)y(be) _ | a1 0
(™) _{0 0]

a a - .
However, we get that aa(®)q = [ al a322 } , which is not equal to (a(>®)®¢) in general.
3

ay

In the following theorem, we investigate equivalent conditions for (a(b’c))(b’c) = aa®%q to be
true. Also, we derive sufficient conditions for (a(®¢))¥ = (a*)®€) to hold, for every k € N, which is
also a well known property of the Drazin inverse.



Theorem 3.2. Let b,c € R and a € R . The following conditions are equivalent:
(i) aa®® =a®q;
(ii) 1€ R®9 and a1 = 1(:0)q;
(iii) 1 € R®9) and 109 = qa©) = q(:)g;

(bse)

(iv) a® € Rt and (a®)" = aa®-9q.

Moreover, if any of the above conditions are satisfied, then a* € R®°) and
. k
(ak)(b’ ) (a(b’c)> , for every ke N.

Proof. Let the assumptions of the theorem hold.
(i) = (iv): Let aa®®) = a(>9)q and denote by y = aa®®)a. We will prove that y is the (b, ¢)-inverse
of a(®°). By Lemma we have that a(®®) = bb~a(®) = a®)c=c. We get:

ya b = aa®?aa®)b = a®)aa®ab = a®ab = b,

b.c) b.c)

ca®y = ca®9aa®a = caa®aa>® = caa® = ¢,
y=a®a® =bb"a®q? =t~y and y=a?a® =a?a®Vec=yc e
Hence, by Lemma we get that a(>©) is (b, ¢)-invertible and (a(®))®¢) =4,

(iv) = (iii): Since a(>® € R(®9) by Theoremwe get that 1 € R, Also, by Theorem (c),
we have:

1(b,c) _ (a(b,c))(b7c)a(b7c) — (aa(b,c)a)a(b7c) — CLa(b,c)

and
1(bvc) — a(bvc) (a(bvc))(b7c) — a(bvc) (aa(b7c)a) — a/(bvc)a.
(iii) = (ii): Let 1 € R®® and 1¢) = qa®) = a(®q. Then:
al®9) = a9 = (a(b’c)a)a =100,
(ii) = (i): Let 1 € R®9 and a1®® = 1:9q. By Lemma (c), we have a(®®) = 1(0:)g(b:0) —
a®91®:0) Moreover, using Lemma we get 1(0:¢) = 1(0:¢)gq(0:0) = ¢(0:6) 1) Hence:
aa(b,c) _ al(b,c)a(b,c) — l(b,c)aa(b,c) _ 1(b,c)’
a(b,c)a — a(b,c)l(b,c)a — a(b,c)al(b,c) — 1(b,c).
Therefore, aa®® = q(»)q.
Now, let us prove the second part of the theorem. Namely, we will prove that (a(b’c))2 is the
(b, ¢)-inverse of a®. We have:
ca®(a®)? = caa®aa® = caa® = ¢,
(a®)2a%b = a®®Vaa®ab = a®ab = b,
b~ (a(b,c))Q — (bbfa(b,c))a(b,c) — (a(b,c))Z
and
(a(b,c))2cfc _ a(b,c) (a(b,c)cfc) _ (a(b,c))Q.
By Lemma # we get that (a?)®®) = (a(®9))2. Trivially, by induction, we get a* € R®°) and
(a®)®0) = (a®))k for every k € N. O



Remark 3.2. We give the following three remarks concerning the previously proved Theorem [3.2]

(i) In [], Drazin has studied the EP property of (b,c)-invertible matrices. Recently, Wang,
Mosié¢ and Yao [12], considered the EP property of the (b, ¢)-inverse in a semigroup with a
unity. Namely, the (b, ¢)-inverse a®9) of a satisfies the EP property, if aa®®) = a(®q. We
remark that in Theorem [3:2] we derived equivalent conditions for the EP property of the
(b, ¢)-inverse to hold in a ring with a unity. For specific EP properties for the inverse along
an element, see Section 7 of [2].

(ii) If (aF)®9) = (a®)E for every k € N, then aa®® = a(>®qa does not have to be true in
general. Indeed, let b, ¢ € M5 be defined as in Example [3.1] and let a € My be such that:

o o]

a = )

as Q4

where a1 # 0 and a3 # 0. By Example we have that a and a? are both (b, ¢)-invertible
and:

—1 -1
a<b’c>_[a1 0] and (a2><b’c>_[<a1 ? 0]_(a<b70>>2.

0 O 0 0
By induction, we get that a* is (b, ¢)-invertible and (a*)®¢) = (a(®)* for every k € N.
Moreover,

1 0 1 0
(b,e) _ (bye),, _
aa'\”® = [ asar 0 } and a'"%a = { 0 0 } . (6)

Hence, aa®9) + a9 .

(iii) In general case, if a(®>?a = 1) then aa(®® = 1) does not have to be true (also, in
general case, from aa(®¢) = 19 it does not follow that a(*%a = 1(1”0)). Indeed, consider
matrices b,c,a € My, defined as in the part (ii) of this remark. We have that the unity

= (1) (1) ] is (b, ¢)-invertible and u(®¢) = [ (1) 8 } Now, from (@), we have that a(®®)a =

u(bvc)7 but aa(bvc) 7é u(bvc).

u

In [I1, Theorem 3.7], authors proved that if a € R®¢), then aa®®a € R®¢) and (aa®a)®) =
a®) . In the next theorem, we study some generalizations of the mentioned case.

Theorem 3.3. Let b,c € R and a,d € R®9. Then aa®9d and da'®a are (b, c)-invertible and:
b,c b,c
(aa(b’c)d>( ) = (da(b’c)a)( ) =d®°),

Proof. Let the assumptions of the theorem hold. As a,d € R®9, by Lemma we have
d®9)aa®) = a®ad®9) = d®°) and a®dd®®) = d®)da®e) = o). We will prove that
d®°) is the (b, c)-inverse of aa®“)d.

d(b,c)(aa(b,c)d)b = d®dpb=b and c(aa(bvc)d)d(l’vc) — caa®9 — .
Moreover, since d € R®), we have d®° € bRd®* N d®°) Re. Thus, aa®d is (b, c)-invertible
and (aa®9d)®:0) = ),
Similarly, using Lemma we prove that d(®9 is the (b, ¢)-inverse of da®9 g:

d®)(da®)a)b = a®ab=b and c(da®?a)d®® = cdd®® = c.



In the following theorem, we study (b, ¢)-invertibility of an inner inverse of (b, c)-invertible
element.

Theorem 3.4. Let b,c € R and a € R~. Then the following statements hold:
(i) If a € R, then a= € R and (a~)@) = aa®a, for arbitrary a= € a{l1};

(ii) Ifa= € R4 bR C a~aR and Rc C Raa™, for arbitrary a~ € a{1}, then a € R and
a(b,c) _ a—(a—)(ab,ca)a—.

Proof. Let the assumptions of the theorem hold.

(i) Let a € R®® N R~. We prove that z = aa®“a is the (ab, ca)-inverse of arbitrary a~ € a{1}.
As a € R®9 | then b= a®9ab and ¢ = caa®®). Therefore,

ab = aa®ab = aa®aa"ab = za~ab,

as well as

(b,0) (b,c)

ca = caaq a = caa aa a=-caa z.

Since a € R®9 then a9 = bta®9) = (> pe, for some ¢,p € R. Thus,
2 = aa®a = abta®a = abta®aa®a = abta®) 2 € abRz.

Also, we have
z=aa®a = aa®pca = aa®aa®pca € zRca.

Therefore,
z € (abRz) N (zRca).

So we get that a= € R and (a~)(@c®) = qa(“)q,
(ii) Let bR C a~aR and Rc C Raa~, for arbitrary a~ € a{l}. There exist some py,w € R,
such that b = a~ap and ¢ = waa™. Thus, we have b = a"ap = a~aa"ap = a~ab, as well as
¢ =waa” = waa~aa” = caa”. Let a= € R(®) and denote by = = (a~)(®¢®). We show that
y = a~wa~ is the (b, c)-inverse of a. As a~ € R we have ab = za~ab and ca = caa™ .
Hence,

yab=a"(xza"ab) =a"ab=0b and cay = (caa"x)a” =caa” =c.

Also, x € abRx N xRca, so there exist some u,v € R such that * = abux = xvca. Therefore,

y=a"za" = (a"ab)ura” =bura” = bux(a”xa”) = buxy € bRy
and
y=a za =a av(caa”) =a avc=a (xa” x)vc = yzvc € yRe,
so y € bRy NyRe. Thus, a € R and o> =y = a za". O

Using previously proved theorems, we derive some properties of (b, ¢)-invertible elements in the
next theorem.

Theorem 3.5. Let b,c € R and a € R®°). The following statements hold.
(i) a=aa®a+u, for someu € °bNce.
(i) If1 € R®9, then 1 =109 4 u, for some u € °bNc°.
(i) If1€ RO, then (o)) = ((ab))2q)(t) = (a(a®))2)0e),
(

iii) If 1 € R, then 1) = (a(a®9))2a) ),



iv) If 1 € R®9) | then (a1(®9)(®:e) = (1) q)(be) = q(be),
v) If °bne® = {0}, then a®® € a{1}, i.e. a = aa®a.

(
(
(vi) If °bNc® = {0}, then (a®9))(abea) — g

(vii) 1 =a®%a+ u, for some u € °b, and 1 = aa®® + v, for some v € c°.

Proof. Let the assumptions of the theorem hold.

(i) Since a € R®°) | by Lemma (i), it follows that R = Rca & °b. Therefore, a € R can be
written in the form
a = tca + u, (7)

for some t € R and some u € °b. The multiplication of @) by a® from the right side gives:
aa®® = tcaa®® + ua®°).

By Lemma we have that °b = °(a(®®)) and thereby ua(®¢) = 0. Moreover, caa®®) = ¢ and
therefore we get that tc = aa(®®). If we return it back into the equation we get

(b,0)

a=aa""a+u, ue °b. (8)

If we multiply by ¢ from the left side, we achieve cu = 0, i.e. u € ¢°. Thus, u € °bNc°.

(i)’ Follows by the previous proved part (i), for the case of a = 1.

(ii) Since 1 € R®¢), by Theorem [3.1|we have that a(¢) € R(®). Further, by Theorem we have
that for a,d € R®9, aa®d,da®a € R and (aa®9)d)®) = (da®a)®) = @) Thus,
taking d = a(®°), we get that statement (ii) is true.

(iii) From 1 € R(®¢) and Lemma it follows that aa(®®) € R®¢) and (aa®))®) = 1) Now,
after applying Theorem ie. (da®9a)®e) = d® for d = aa®®), we get that the statement
(iii) is valid.

(iv) By Theorem we have that for a,d € R(®©), (dd(b*c)a) () (ad(b’c)d) (e} _ a®9) . Now,
taking d = 1, we get that (iv) holds.

(v) From the part (i) of this theorem, we have that a = aa®>?a+u, wu € °bne°. If °bNc® = {0},
then u € °bNc® = {0}, so u = 0. Thus, a = aa®%a, i.e. a®) € a{1}.

(vi) From the part (v) of this theorem, we have that a = aa®“a, i.e. a®>® € a{1}. Now, using
Theorem (ie. (a7)@bea) = qa(®eq, for arbitrary a~ € a{1}), we have that (a(®¢))(@bca) =
aa®q = a.

(vii) Let a € R(®¢). By Lemma it follows that R = Reca @ °b. As 1 € R, it follows that

1 = pca + u, for some p € R and u € °b. (9)

If we multiply @ by a(®¢) from the right side, and using the fact that v € °b = °(a(®®)) and
caa®®) = ¢, we have that
a®9 = peaa® + ua®e) = pe.

If we return it back in the equation @, we get that 1 = a(®9a 4 u, for some u € °b. In a similar
way, using Lemma and R = abR & ¢°, we can prove that 1 = aa(®®) + v, for some v € ¢°, also
holds. O

In [11], authors showed that in general case 19 = 1 does not hold. As it was stated by
Drazin [5], if we take b = ¢ = 1, the (b, ¢)-inverse reduces to classical inverse. Hence, 1(*¢) = 1 for
b= c = 1. However, b (and also ¢) does not have to be equal to 1, for 1() =1 to hold.



Example 3.2. Let b,c € Ms be such that:
1 0 -1 0
b{o _1] and C[O 1}

Then the unity v = [ (1) (1) } is (b, ¢)-invertible and u(*®) = u is satisfied, but b # u and ¢ # u.
In the following theorem we prove that 1 € R®¢ and 1 = 1 is actually equivalent to
R(®9) = R=1 and a(®®) = a1, for arbitrary a € R(®¢). Also, we give another equivalent condition,

concerning b and ¢, for 1:¢) =1 to be valid.

Theorem 3.6. Let a,b,c € R. The following conditions are equivalent:
(i) 1€ R®9) and 109 = 1;
(i) b€ Ry and c € Ry Y;
(iii) R®® = R~ and a®®) = a™', for every a € R(*°).

Proof. (i) = (ii): Let 1 € R®°) and 1®¢ = 1. By Lemma 109 = pp=1(%9) = 1) ¢e=¢ and
therefore 1 = bb~ = ¢~ ¢. Hence, b is right invertible and c is left invertible.
(ii) = (i): Let b € R, ! and ¢ € R;'. We will prove that Lemma (i) holds for @ = 1 and
y = 1. Trivially, yay = y holds. Further, since bb, ! =1 and cl_lc = 1, we have that bb, b = b and
ccl_lc = ¢, i.e. b,c € R~. Now, let us prove that °6 = {0} = °1 and ¢® = {0} = 1°. If x €° b,
then xb = 0. Therefore, xbb, ' = 0, i.e. & = 0. Similarly, if z € ¢°, we have cz = 0 and thereby
cflc;v =0,ie. 2=0.
(i) = (iii): Let 1 € R®) and 19 = 1.

If o € R®9 | using Lemma [2.5 we get that 1(:¢) = 10:€)gq(00) = q(0:0)q1(00) je. 1 = aa®) =
a®q. Hence, a € R~ and o' = a(®9. Thus, R®9) C R~

If a € R™', then a~'ab = b and caa~! = ¢. Moreover, since 1(»%) = 1, by Lemma we have
that 1 = bb~ = ¢ c. Hence, a™' = bb~a"! = a~'c¢ c. Once more, using Lemma we get that
a € RO and a®9 = ¢~1. Therefore, R~ C R0
(iii) = (i): Let R~' = R®9) and a(®® = a~1, for every a € R(®®). Since 1 € R, we get that (i)
holds trivially. O

In the following theorem we assume that 1 € R(*¢) and we give necessary and sufficient condi-
tions for 1) = 1 to be true.

Theorem 3.7. Let b,c € R and 1 € R®°) . The following conditions are equivalent:
(i) 109 =1;
(ii) 1 € bRU Re;
(iii) °bNne® ={0}.
Proof. Let the assumptions of the theorem hold. Since 1 € R®) we have 149 € bR1(»¢) C bR
and 19 € 1) Re C Re, ie. 109 € bR N Re.
(i) = (ii): Let 1€ = 1. Then 1 € bRN Rc C bR U Re.
(ii) = (i): Now assume that 1 € bR U Re.
Let 1 € Re. As1 € R®9 thenb=109).1.p = 19 .p and also b = 1-b. Thus, 1) .b—1.b =0

ie. 19 —1 € °p. Since 1 € Re, then 19 —1 € Re. Hence, 119 —1 € Ren® b. By Lemma
(iii), we have that R = Rc @ °b. Therefore, 1(%¢) —1 = 0.
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Let 1 € bR. Since 1 € R®9) we have ¢ = ¢-1-10:9) = ¢.1(9) and ¢ = ¢-1 and s0 109 —1 € ¢°.
As 1 € bR, we get 1(%¢) — 1 € bR. Therefore, 1¢) —1 € bRN ¢°. By Lemma (iil)’, we have
R=0bR® ¢°. Thus, it follows that 1) — 1 = 0.
(i) = (iii): Let 19 =1 and 2 € °b. Then we have z =z -1 =2 - 1> =0, as °b = °(1(:9).
Hence, °b = {0}. Similarly, let z € ¢°. Since ¢® = (19)° we have z = 1 -2 = 1> .z = 0.
Therefore, ¢® = {0}. Thereby, °bNc° = {0}.
(iii) = (i): Let °bnc® = {0}. Applying Theorem (v), for a =1, we get that 1 =119 . 1 =
1), O

In what follows, we investigate the reverse order law for the (b, ¢)-inverse in a ring with a unity.
Namely, for a,d € R®¢) | we study when ad € R and

(ad)®) = @) (09, (10)

In [3] authors proved that holds when db = bd and ac = ca and also when ab = ba and
ac = ca. Also, in [10] it was shown that is valid when ab = ba and ac = ca. Moreover, in
[15], authors proved that holds if aa®® = a*%a and dd®») = d®)d. These results were
generalized by Wang in [13], where the author proved that the equality holds when the first
factor of the product ad commutes with its (b, ¢)-inverse (i.e. when aa®® = a(®>*q holds). In the
next theorem we prove that is also valid when the second factor of the product ad commutes
with its (b, ¢)-inverse.

Theorem 3.8. Let b,c € R and a,d € R®°) . Consider the conditions:
(i) dd®o = dbe)g;
(i) aa®®) = a®q,

If any of the above conditions is satisfied, then ad € R and

(ad)®®) = ) gq(be).

Proof. Let the assumptions of the theorem hold.

(i) Let dd®° = d®)d. By Theorem it follows that 1 € R®) and 1) = dd®¢) = d-c)q.
Also, by Lemma a®e) = g0 . 1) = 1(b:0) . 4(5:6) holds for every a € R(®©). Moreover, by
Lemma d®aa®:0) = () qd®:c) = 40 for every a,d € R®%). Now, we will apply Lemma
Namely, we will prove that d(®® = d®:)add®<)q®c) = 40:)q(1:)qdd (). We have:

d®9) qdd®:©) q(b:0) — g(b:0) 4 1(0:0) ((bse) — (bse) g (Bse) — d(ILC)7
d(b70)a(bvc)add(bvc) — d(bvc)a(bvc)al(bvc) — d(b,C)l(b,C) — d(bv(/)

Hence, by Lemma this means that ad € R and (ad)®) = d(®)a®:).
(ii) See [I3, Corrolary 3.4]. Also, as in the proof of the part (i), using Lemma [2.8] (iii), it can be
proved that (ii) holds.

O

For two characterizations of the reverse order law for the inverse along an element, see Section
6 of [2]. Now, we give the following result.

Theorem 3.9. Let b,c € R and a,d,1 € R®°) . Then al®9d € R®) and:

(al(b7c) d) (b,c) — d(b,c)a(b,c) )
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Proof. Denote by y = d®a("¢). Let us show that y is the (b, ¢)-inverse of a1 d. Using Lemma
we get 1(0:9)dd®:c) = 1(:¢) Moreover, by Lemma (c), we have 18:0)g(b:0) = (8:0)  Thus:

cal®dy = ca(1®9dd®))a®® = ca(109)a>9) = caa®) = c.

Further, by Lemma we get a®9q1(®¢) = 1) Also,by Lemma (c), we have that
d®) 1) = (v¢)  Hence:

yal®)db = d® (a9 a1®N)db = (d>91C))db = db)db = b.
Moreover, using Lemma (ii), we have bb=d®9) = 4 and a9 ¢ = o™, Therefore:
bb~y = (bb=d®))a®) = 400 =y

and
ye e = d(b’c)(a(b’c)c_c) = d:9)q(0:0) = Y.

Applying Lemma 2.2 we get that a1®9)d is (b, ¢)-invertible and (a1®)d)®:) = gt q(®), O

Remark 3.3. From Theorem [3.9] it follows that for a,d,1 € R®9) if a1(®9d = ad, then the
reverse order law holds.

As a corollary of Theorem we get that, in the case when 1 € R the reverse order law
holds for the product of some arbitrary (b, ¢)-invertible element and some arbitrary (b, ¢)-inverse.

Corollary 3.1. Let b,c € R and a,d,1 € R®°). Then a®9d, da®®, d®a and ad®®) are all
(b, ¢)-invertible and the following hold:

(1) (a(b,C)d) (b,c) _ d(b7c) (a(b7c))(b,c) :
(11) (da(b’c))(b7c) — (a(b,c))(b70) d(b,c) ;
b,c
(i) ((a®9d) )" =
(iv) ((da®) )

Proof. Let the assumptions of the theorem hold.

(i) Since 1 € R®°) by Theorem we have that a(®¢) € R®)  Also, by Lemma (c),
a®:)10:¢) = () Now, by Theorem [3.9] we have that a(®)1®-°)d is (b, ¢)-invertible and

(d(b,c)a) (be) _ a(b:©) (d(b,c))(b,c) ;

(b,C) _ (ad(bVC))(b7C) _ (d(b’c))(b,C) a(byc)'

(@) d)®) = () 1(1:) g)(Be) — gb:) (4 (b)) (bse).

(ii) In the same manner as in (i), we get that da(®¢) € R(®¢) and that (ii) is valid.
(iii) As it was proved in (i), a®»®d € R®°). Since 1 € R®¢) by Theorem it follows that
(a9 d)(®¢) is also (b, c)-invertible. Further, by Theorem [3.1{ (a) and Lemma (c), we have:
((a(b,c)d)(b,c))(b,c) — l(b,c)a(b,c)dl(b,c) — a(b,c)l(b,c)dl(b,c) —
a0:0) ((0-0)y (o).

Now, by the previous proved part (i) of this theorem, it follows that a(®) (d(®:¢))®:¢) = (d(t:¢)q)(®:),

(iv) Using the similar method as in the proof of the part (iii) of this theorem, we get that the
statement (iv) is valid. O
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In order to prove our next result, we investigate equivalent conditions for the product of two
(b, ¢)-inverses to be equal to 1+,

Theorem 3.10. Let b,c € R and 1,a,d € R . The following conditions are equivalent:
(i) d®o) = (a®e))be)
(ii) a®®) = (d®:))®e),
(iii) d®)qb:e) =100
(iv) a®9)at:e) =100,

Proof. Let the assumptions of the theorem hold.
(i) = (iii): Let d®® = (a(®9)®<). By Theorem 3.1 (c), it follows that

d®A 00 — (g0:0)) () gbe) — 1 (bse),

(iii) = (ii): Let d®9)a®) = 19 By Lemma (c), we have 1:9)q®:9) = () Further,
by Lemma 1(8:0) = 1(5:0)gq(8:¢) holds. Moreover, by Theorem (a), we have 1801 be) =
(d®9))(b:¢) Using all of these facts, we get:

a(b,c) = 1(b7c)a(bvc) — 1(bic)d(d(b’c)a(bfc)) = 1(b7c)d1(b’c) = (d(bvc))(bfc)'

(ii) = (iv): Similarly as (i) = (iii).
(iv) = (i): Similarly as (iii) = (ii). O

In the following theorem we prove that, in the case when 1 € R® the set of all (b, ¢)-inverses
of a ring R, with respect to operation ”-”, is a group. Denote by (R®)® the set of all (b, ¢)-inverses
of elements of a ring R, i.e.:

(RO ={ye R|y=a®), ae R},

Theorem 3.11. Let b,c € R~ and let 1 € R, Then ((R(b’c))®, ) is a group.

Proof. Let the assumptions of the theorem hold.

(i) Closure. Let y,z € (R®)®, Then there exist a,d € R, such that y = a(®¢) and z = d(®).
Since 1 € R®9), we can apply Theorem [3.1| (b), i.e. we get:

Y-z = atO GO — (o) 0:) (B0 (b)) b)) (bs) (11)

Now, after applying Corollary we get that (d(®9))®:¢)(q(0:))(b:e) ¢ R(:€) and
((d(bm))(b,C)(a(bvc))(bm))(b’c) = ((a®:9)©:)B:0) ((g5:)) (b)) (be) (12)
Now, by and , we get:

(@) (a0 0 e _

Y- 2.

Therefore, y - z € (R®:9))2.

(ii) Associativity. Let y,z,w € (R(b’c))®. Then there exist a,d,g € R®, such that y = a®9),
z =d®° and w = ¢(®°). Thereby,

(y-2)-w= (a(bm)d(bm))g(b,C) - a(b@)(d(bm)g(b@) =y (z-w).
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(iii) Identity. By Lemma (c), for arbitrary a € R(®9), 1(:0)q(:) = ¢(0:)1(0¢) — 4(b:0) - Hence,
for every y € (R®)®, we have:
100y = y1:0) =y, (13)

ie. 19 is a unity in (R®9)®. Let us prove that 1(° is the unique unity in (R(b’c))®. Suppose
that there exists e € (R(®)® | such that:

y=ey=ye, foreveryye (R®))®,
Hence, the last equality holds for y = 1), Thus, we get:
109 = e1(be) = 1(b:)e, (14)
Since e € (R("9))2, the equality is valid for y = e. Thus,
109¢ = 109 = ¢, (15)

Now, from and (15)), it follows that e = 1(*). Hence, 1) is the unique unity in (R(®9)®.

(iv) Inverse. Let y € (R®9)®. Then there exists a € R, such that y = a(*®). By Theorem

(¢c), we have that:
a0:9) ()Y (00) — (q(b:))(be) g (be) _ (b

Hence, we get that (a(b’c))(b7c) is an inverse of y = a(®%). Moreover, this inverse is unique. Indeed,

suppose that:
a9y = pa0e) = 1)

for some v € (R("))®. Thereby, there exists some h € R®), such that v = h(®*). Therefore,

2O B0 — 1.0 g (bie) _ 1 (be).

Now, by Theorem it follows that v = h(®¢) = (a(»))(b:),

Acknowledgment

The authors are highly grateful to the anonymous referee for valuable suggestions, which im-
proved this paper.

Funding

This research is supported by the Ministry of Education, Science and Technological Devel-
opment, Republic of Serbia (451-03-68/2022-14/200113, 451-03-68/2022-14/200131) and National
Science Foundation of China (11901245).

Disclosure Statement

The authors report there are no competing interests to declare.

14



References

[1]

2]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

Ben-Israel, A., Greville, T.N.E. (2003). Generalized Inverses: Theory and Applications, 2nd
ed. New York: Springer-Verlag.

Benitez, J., Boasso, E. (2016). The Inverse along an element in rings, Electron. J. Linear
Algebra 31: 572-592. DOI: 10.13001/1081-3810.3113.

Chen, J., Ke, Y., Mosié, D. (2017). The reverse order law of the (b, c)-inverse in semigroups.
Acta Math. Hungar. 151: 181-198. DOI: 10.1007/s10474-016-0667-1.

Drazin, M. P. (2022). EP properties of (b, c)-invertible matrices. Linear Multilinear Algebra
70(3): 431-437. DOT: 10.1080/03081087.2020.1733459.

Drazin, M. P. (2012). A class of outer generalized inverses. Linear Algebra Appl. 436: 1909
1923. DOI: 10.1016/j.1aa.2011.09.004.

Drazin, M. P. (1958). Pseudoinverse in associative rings and semigroups. Amer. Math.
Monthly 65: 506-514. DOI: 10.2307/2308576.

Ke, Y., Vidnji¢, J., Chen, J. (2020). One-sided (b, c)-inverses in rings. Filomat 34(3): 727-736.
DOI: 10.2298/1i12003727k.

Ke, Y., Cvetkovi¢ Ili¢, D. S.; Chen, J., Vidnjié¢, J. (2018). New results on (b, c)-inverses. Linear
Multilinear Algebra 66(3): 447-458. DOI: 10.1080/03081087.2017.1301362.

Mary, X. (2013). Reprint of: On generalized inverses and Green’s relations. Linear Algebra
Appl. 438: 1532-1540. DOIL: 10.1016/j.1aa.2012.12.002.

Mosié, D., Zou, H., Chen, J. (2018). On the (b, c)-inverses in rings. Filomat 32(4): 1221-1231.
DOTI: 10.2298/fi11804221m.

Stanisev, L., Visnji¢, J., Djordjevié, D. S. (2022). Equivalence relations based on (b, c)-inverses
in rings. Submitted Manuscript.

Wang, L., Mosié, D., Yao, H. (2022). The commuting inverse along an element in semigroups.
Commun. Algebra 50(1): 433-443. DOI: 10.1080,/00927872.2021.1959600.

Wang, L. (2019). Further results on hybrid (b,c)-inverses in rings. Filomat 33(15): 4943-4950.
DOI: 10.2298/1i11915943w.

Wang, L., Castro-Gonzalez, N., Chen, J. (2017). Characterizations of outer generalized in-
verses. Canad. Math. Bull. 60: 861-871. DOI: 10.4153/cmb-2016-080-5.

Xu, S., Chen, J., Benitez, J., Wang, D. (2019). Centralizer’s applications to the (b, c)-inverses
in rings. Rev. R. Acad. Cienc. Exactas Fis. Nat. Ser. A Math. RACSAM 113: 1739-1746.
DOTI: 10.1007/s13398-018-0574-0.

Xu, S., Benitez, J. (2018). Ezistence criteria and expressions of the (b, c)-inverse in rings and
their applications. Mediterr. J. Math. 15(14). DOI: 10.1007/s00009-017-1056-x.

15



	Introduction
	Auxiliary lemmas
	Results

